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E D I T O R ’ S  N O T E
American Journal of Undergraduate Research Impact Factor

I received an email the other day inquiring whether the American Journal of Undergraduate 
Research has an impact factor. I responded, “Mostly the impact on undergraduate student lives.” 
I often hear amazing stories from subject editors and students who published in AJUR on how 
the publication changed their lives. We all remember how challenging it was to publish our first 
paper, right? That is why AJUR is here and we are here — to facilitate the publication process for 
undergraduates. Our entire editorial team, me included, find it deeply satisfying to offer students 
the opportunity to publish their first article. In the process we hope to teach them how to do it well 
by holding them to a high standard, thus preparing them for their future careers. 

In April of 2014, the editorial team of AJUR made some changes to how the journal is run. 
Previously, our journal published only science-based articles. The new team decided to expand 
the scope of the journal. We now accept work and reviews in all disciplines, including the arts and 
humanities, if they demonstrate sufficient novelty, scholarship, and contribution to their field. The 
new editorial team is committed to undergraduate authors, promising to diligently review their 
submission in a timely manner. The quality control has been strengthened by providing subject 
editors with additional powers to return articles to authors, even prior to sending them out to 
reviewers, if necessary. We ask our subject editors to find three faculty reviewers for each article 
being considered. We also agreed to make all articles more accessible to students and the general 
public by providing student authors’ information and a press summary at the end of each article. We 
established our new “home” at www.ajuronline.org and received the web ISSN number (2375-8732) 
for our new web site from the Library of Congress. Our print ISSN remained the same, 1536-4585.

Many parts of AJUR remain unchanged. Practically all of the previous subject editors are still 
with us. In the short scope of just nine months, we found the necessary funding, expanded the 
editorial team, re-launched the journal and published two issues of AJUR with eleven student 
articles, three of which were submitted to the new team. We have already accepted our first article 
for the April 2015 issue, and we have seventeen more papers currently being reviewed. The bottom 
line is: AJUR is very alive, ticking again with daily activity. We are doing what we are meant to 
do and doing it well — reviewing and publishing articles written by undergraduate students in a 
national, peer-reviewed journal. My sincere thanks go to our hard-working editors, who make all of 
this possible. I also would like to thank the mentors, who devote so much of their time as guides of 
students, leading them to their bright future. We hope you will continue to enjoy this publication.

— Dr. Kestutis G. Bendinskas



 Volume 12 | Issue 2 | January 2015  3

American Journal of Undergraduate Research www.ajuronline.org

S P E C I A L  T H A N K S
AJUR is made possible through the assistance of our sponsors. 

 
Support for this issue has been provided by  

the Office of the Provost, at the State University of New York at Oswego.

Thank you!

Interested in supporting quality undergraduate research?  
Request sponsorship information at editor@ajuronline.org
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American Journal of Undergraduate Research (AJUR) is a national, independent, peer reviewed, 
open-source, just-in-time, multidisciplinary student research journal for excellent student articles.

AJUR (ISSN 1536-4585) was established in 2002 by Dr. Cliff Chancey of the University of 
Northern Iowa, a true champion of undergraduate research. “Dr. Chancey’s perspective was 
that the importance of peer-reviewed research articles authored by undergraduates could not be 
overstated”. Dr. Carl N. Drummond and Ms. Cathleen M. Carosella of Indiana University-Purdue 
University stewarded AJUR between 2013 and April of 2014, at which time the current editorial 
team assumed its role. The ISSN for AJUR’s online edition is 2375-8732. The print edition remains 
ISSN 1536-4585.
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ABSTRACT
The harsh environment on the lunar surface presents unique technological challenges for space ex-
ploration. This paper presents research on the design and development of the Telescope-deployment 
High-vacuum teleOperated Rover (THOR), currently being built and tested in the Lunar and Airless 
Bodies Simulator (LABS) facility at the University of Colorado Boulder. This rover is fabricated entirely 
out of cost-effective commercial off-the-shelf (COTS) components and materials. THOR can poten-
tially survive for more than one simulated year in conditions similar to that of the lunar environment, 
demonstrating the successful initial results of a first phase research study on material and electronic 
survivability in an extreme environment such as the Moon.

KEYWORDS
Telerobotics, Space Exploration, LUNAR, High-vacuum, Electronic Survivability, Robotics, Engineering

INTRODUCTION

Background

The LABS (Lunar and Airless Bodies) team is designing and fabricating a rover that can survive 
for more than a year on the lunar surface using commercial off-the-shelf parts and materials, with 
the first prototype being the primary discussion in this paper. THOR can operate in a high vacuum 
environment and has the capability to drive through powdery, fine-grained lunar regolith simu-
lant JSC-1a. It also has sufficient thermal management systems to be protected against the extreme 
thermal variation between night and day (-150°C – 100°C). THOR shows the success that can be 
achieved when using low-cost options engineered for an innovative solution. As human explora-
tion is trending towards relatively low cost missions as real options for exploring space, THOR is a 
first phase demonstration of those possibilities.

LUNAR is collaborating with Lockheed Martin to develop a lunar L2-farside exploration and 
science mission concept to teleoperate a rover on the lunar surface from the Orion Multi-Purpose 
Crew Vehicle (MPCV) orbiting the L2 (Lagrange) equilibrium point. Astronauts would control the 
rover to deploy the low frequency telescope array and orchestrate a sample return from South Pole 
Aitken Basin.1
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Literature Review

The Lunar University Network for Astrophysics Research (LUNAR) team is led by PI Dr. Jack 
Burns at the University of Colorado Boulder. LUNAR proposes a revolutionary radio telescope ar-
ray that will be deployed in the only proven radio-quiet environment in the inner solar system: the 
far side of the Moon. This telescope will allow astronomers to study the early universe, supporting 
one of the top science objectives in the NASA Astrophysics Roadmap2. It will observe a previously 
unexplored period of time in our universe’s history ~85-500 million years after the Big Bang using 
the hydrogen spin flip 21-cm line red-shifted to the radio frequencies below 100 MHz3.

To avoid the saturated radio spectrum from human generated RFI and the emission, absorption, 
and refraction effects of the Earth’s ionosphere, the telescope will be remotely deployed on the 
far side of the Moon and cover many square kilometers of the lunar surface. This antenna array 
will be constructed of long arms of a thin, flexible polyimide material widely known as Kapton.  
Kapton has been tested extensively and has a long heritage in the space industry, having been used 
in many space applications4. This material selected for the mission demonstrates stable properties 
over a wide temperature range, is lightweight, and is relatively inexpensive. Dipole antennae will 
be printed onto the thin Kapton framework material and data will be sent back to a central hub via 
transmission lines.

LUNAR is also collaborating with the NASA Ames Research Center Intelligent Robotics Group 
(IRG) to investigate how to conduct joint human-robotic missions where humans might orbit a 
planetary body in a capsule and control a rover on the surface. Our team and IRG conducted a 
simulation during which astronauts orbiting in the International Space Station remotely controlled 
the K10 rover on the Earth’s surface, deploying an arm of the antenna array after completing only 
an hour of “just-in-time training”. Data gathered from this will be extremely useful in learning how 
to conduct joint missions in the future5 and complements the LABS team’s research into low cost 
options for space exploration.
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METHODS

Experimental Setup

LUNAR’s Lunar and Airless Bodies Simulator (LABS) team is conducting laboratory tests in sup-
port of the goals mentioned previously by simulating airless body environments on Earth. LABS 
contains two thermal-vacuum chambers, each capable of achieving 10-7 to 10-8 Torr. One vacu-
um chamber is housed within a class 10,000 clean room and is reserved for those parts requiring 
a pristine, clean environment for testing. The second vacuum chamber contains a bed of JSC-1a 
lunar simulant regolith mined from a volcanic crater in Arizona, with an average grain size of 100 
microns (Fig. 1). 

An aluminum thermal table with piping to circulate nitrogen gas heated to 290°C and liquid 
nitrogen at -196°C through its center simulates the extreme thermal variation between lunar day 
(100°C) and night (-150°C). Because rapid temperature cycling is likely to create more degradation 
than maintaining one temperature extreme for extended durations, one year on the Moon is sim-
ulated over the length of one month, with each 24 hour period representing a lunar day or night 
cycle. A deuterium UV lamp is also installed in the chamber to simulate solar UV energy flux from 
115-160 nm. Finally, a camera is located in the chamber to monitor the test in real time.

Figure 1. The LABS thermal vacuum simulant chamber is capable of achieving high  
vacuum, thermal cycling between -150°C and 100°C, and provides real-time video feed. 

THOR is placed in the regolith simulant bed, initially connected to a charging dock. After vac-
uum is pulled, the lunar day cycle begins and the rover’s first task, sent by the command station 
located outside of the chamber, is to deploy a simulated arm of the Kapton telescope array in a 
designated area. After traversing through the regolith for five minutes to demonstrate THOR’s 
functionality, the command crew docks the rover and requests continuous temperature data be 
wirelessly transmitted. The first 24 hours is a lunar day cycle, holding at a temperature of 100°C. 
Similar to how operations will be conducted on the Moon, THOR is not operated during the night 
cycles and will only revive once the simulated Sun rises and the power system is recharged. Be-
cause there is no energy source to model solar recharging in the chamber, THOR receives electrical 
charge at the dock via copper plates and a power supply located outside of the chamber. These day 
and night cycles are repeated every 24 hours for one month.
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THOR DESIGN

THOR’s systems are specifically designed to survive for an extended period in the lunar envi-
ronment with the use of inexpensive COTS components. Material selection to thermally protect 
onboard electronics is a key driving consideration that constrains the other systems. In order to 
achieve maximum traction control in the powdery regolith by allowing for wheel independence, 
THOR possesses all-wheel drive capabilities. The Arduino microcontroller gathers sensor data to 
monitor vehicle health, communicate wirelessly with the remote command center, operate an an-
tenna deployer, and provide traverse sequence commands. The power system gives the rover the 
ability to operate for a minimum duration of two days and recharge during simulated lunar day.

 
Figure 2. Block Diagram of the entire system showing signal flow. The Arduino microcontroller  

redirects commands from the remote command center to all onboard systems.
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Thermal /Structure

Due to the extreme environment on the Moon, thermal protection is one of the most fundamen-
tal, and constraining, requirements for THOR’s structure. The rover’s design is further limited by 
the availability of space-qualified, low outgassing materials, rated for use in a vacuum. Materials 
must be thermal insulators, lightweight, rigid, and cost effective. The structure must offer sufficient 
support for the battery and embedded systems, while minimizing thermal energy transfer. 

Figure 3. Telescope-deployment High-vacuum tele-Operated Rover (THOR)  
inside the lunar simulation vacuum chamber.

The rover chassis consists of a machined aluminum 6061 U-channel as a base deck for the elec-
trical, power, and deployment systems, as well as side fins to support the drive system (axle, motors, 
and gears). G-10 (garolite fiberglass epoxy laminate) insulation layers and machined Delrin (acetal 
resin) wheels provide additional thermal resistance to protect sensitive onboard systems.

These materials were selected for use in THOR’s design based on a comparison of onboard elec-
trical component operating temperature ranges. Given that the battery has the narrowest range 
(-20°C – 60°C), the deck is designed to prevent the electronics from exceeding these temperature 
extremes. The thermal insulation materials were selected for use based on empirical methods. Sam-
ples were constructed using different layers of oxygen-free copper, aluminum, Teflon (polytetraflu-
oroethylene), G10, and multi-layer insulation (MLI) to determine which material combination is 
optimal. All of the samples performed similarly in the thermal-vacuum test, reaching a minimum 
5°C and maximum temperature of 47°C. Because Teflon and G10 performed comparably, THOR’s 
final insulation configuration is aluminum with a G10 insulation layer (Fig. 3), due to the rigidity 
and machinability of G10 as compared to Teflon. 

To ensure survivability of the most sensitive electronic components, other thermal-vacuum tests 
were conducted on the battery and micro controller. These tests verified the components’ ability to 
operate at the manufacturer-defined temperature limits, as well as the thermal structure’s ability to 
insulate against temperatures outside of these specifications.
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Drive System

The main design specification for the rover’s drive system is the ability to traverse through fine-
grained lunar regolith. The vacuum chamber used to test THOR contains a bed of regolith simulant 
about 2 cm deep. A rover previously built and tested by the LABS team was only designed to operate 
on a flat, aluminum thermal table and would become entrenched if used in the regolith simulant. 
Consequently, an entirely new drive system needed to be designed for THOR. The first iteration was 
a two wheel chain driven system that met with little success due to the fine regolith compacting in 
the chain links and preventing movement. 

THOR is now designed with independent all-wheel drive to provide independence of motion and 
high power in case of immobilization. Any wheel that becomes fixed due to miring in the regolith 
is able to draw the full allowable current in order to mobilize. This ability to recover a fixed wheel is 
crucial as losing one could mean the loss of the rover and failure of the mission. 

The final component of the drive system design is the lightweight, treaded Delrin wheel (Fig. 4). 
Prototypes previous to the current THOR design demonstrated that wheel size is crucial. In order to 
avoid high centering, the rover has wide wheels to spread the rover’s weight over a larger area. The 
wheels also have a large diameter to provide a higher angle of approach, keeping the rover from be-
coming trapped in mounds of regolith. Lastly, treads are necessary to create traction in the simulant.

Figure 4. Delrin wheel machined with large surface area and treading to traverse through regolith simulant.

Highly geared DC motors are used in the design due to their large torque to weight ratio. THOR’s 
total weight is 5.1 lbs. and the total torque available is 13.8 in-lbs., yielding a torque to weight 
ratio of 2.7. This provides sufficient frictional force between the wheel and regolith for the rover 
to maneuver when stuck. The motors are suspended above a deck of G10 insulation to thermally  
protect the motors. Based on testing conducted with the previous iteration of THOR, the anticipated 
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motor temperature in this design configuration was not expected to exceed the vendor operating 
temperature specifications of Tmax=100°C, and Tmin=-35°C. A supplementary thermal-vacuum test 
was also conducted to ensure that prolonged exposure to ambient temperatures at -150°C would 
not significantly deteriorate motor performance. The motors were placed in direct physical contact 
with the thermal table, reaching a minimum of approximately -62°C after 24 hours and reviving 
at -20°C with little readily apparent degradation, and continued to function nominally during  
subsequent use. 

The transfer of motion from the motor to the wheels is accomplished using a direct drive system. 
The motors include a gearbox with a gear ratio of 67:1. From the drive axle, the motion is directed 
through another set of gears with a ratio of 2:1 in order to further increase the torque of the rover, 
resulting in a total gear ratio of 134:1. This design allows for maximum power transfer and reduced 
system complexity as compared to the chain drive system, which is more prone to failure. 

Figure 5. Side view of THOR displaying the Delrin gears and  
chassis thermal structure composed of aluminum and G10.

Embedded Systems

The embedded systems onboard THOR, as diagrammed in Fig. 5, are engineered for simplicity 
to reduce failure risk in an extreme, remote environment where repair is not an option and diag-
nostics are limited. For the rover to be completely functional, this system must control four inde-
pendent wheels, obtain temperature data from critical components, communicate wirelessly with 
a command computer, and operate an antenna deployment system. The main component of the 
system is an Arduino Pro Mini 5V 16 MHz microcontroller that receives and interprets commands 
to control rover operations. This specific model was selected because it is inexpensive, programmer 
friendly, and has a diverse function capability. The microcontroller sends pulse-width modulated 
signals and logic signals to four separate full H-bridge motor drivers. These signals dictate the speed 
and direction of each wheel independently. The commands for these control signals are transmitted 
to the microcontroller from a computer control station using a 2.4 GHz Xbee Wireless module cho-
sen because of the interfacing simplicity with Arduino components. THOR utilizes four one-wire 
digital temperature sensors to gather temperature data from critical onboard components. Two of 
these temperature sensors are attached to the battery, one is attached to the microcontroller, and 
one is attached to an H-bridge motor driver. These data are transmitted wirelessly to the command 
computer so that the crew can ensure none of the critical components reach temperatures above the 
manufacturer rated values. The antenna deployment system, discussed later, is actuated via shape 
memory alloy wire, which contracts when a current flows through it. THOR generates this current 
by using a Darlington transistor array connected in the common emitter configuration activated 
by a logic signal from the microcontroller.
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Figure 6. Circuit Diagram of onboard electronic system for communication, processing, and control.

Power

The power onboard THOR is supplied by a 7.4V 10,400 mAh lithium ion battery. Lithium ion was 
selected because of its high energy density, lack of memory effect, and simple charging algorithm. 
The size of the battery was determined by approximating the amount of time each motor would 
be run and the current draw of the embedded system over a 48 hour period. This battery comes 
preinstalled with a protection circuit board to prevent over charging and discharging, as well as 
safeguarding against over-current draw so the battery cannot be damaged. The battery is potted in 
a thermally conductive epoxy to draw heat away from the battery and is protected from the harsh 
environment by a box constructed of G10. Potting also protects the battery from exploding and 
protects the vacuum chamber’s cryopump as it is not space-rated. The battery is recharged using 
a simple docking station connected to a DC power supply outside the chamber. A diode is placed 
within the circuitry as a safety measure to prevent unanticipated reverse current, which would 
damage other electronic components during charging. 
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Payload

THOR carries and deploys its antenna payload using the Kapton antenna deployment system 
(Fig 6). This system is designed to consume zero power until deployment. The Kapton antenna is 
rolled around an aluminum shaft, which is held in place by a spring loaded brake foot. A thin shape 
memory alloy wire is attached to a stationary surface and strung through the break foot. The length 
of the wire was determined based on its length contraction specifications. Upon actuation, a large 
current is developed in the wire, heating it and contracting it until it lifts the brake foot off the shaft. 
A weight on the end of the Kapton antenna arm then drops into the simulant and the antenna is 
unrolled passively as THOR drives forward. 

Figure 7. A Kapton arm of the simulated telescope array is deployed from the back of THOR as it drives forward.

RESULTS AND DISCUSSION
This lunar simulation successfully demonstrated that a rover built from COTS parts and readily 

available materials can be engineered to the extent of maintaining operations for extended expo-
sure to lunar conditions. THOR’s thermal, power, and embedded systems remained operational 
for the duration of the test. Each system performed according to specifications, with a few design 
oversights, resulting in minor loss of performance.

The most prominent issue was a temporary loss of signal (LOS) in the communications system. 
This was a known problem before starting the test, however it was attributed to THOR’s wireless 
communications system operating on the same frequency (2.4 GHz) as the CU Boulder wireless 
internet. The LABS team tested this hypothesis empirically, and found that the LOS was more com-
mon during peak wireless traffic. Communications were always reestablished within 5-10 minutes 
of LOS. Because communications were not essential during peak wireless traffic hours, this was 
deemed an acceptable risk to proceed with testing.
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THOR performed nominally until day 10. 
Although the test was designed to be a 24 day simulation, LOS caused a loss in communications 

with THOR, forcing the LABS team to break vacuum and manually reset the embedded systems. 
Physically disconnecting and reconnecting the power system rectified this problem. The test re-
sumed with revisions to accommodate a future LOS event, and no further breaks in rover commu-
nication occurred. This revision was to keep THOR docked at the charging station for the duration 
of the test. Upon completion of the test, THOR was successfully given a sequence of commands to 
ensure full functionality of all onboard systems. 

An additional issue that occurred after successive testing was the failure of redundant tempera-
ture sensors attached to the battery. The reason for this failure is unknown but can be attributed to 
a broken solder connection or an error in the Arduino code that sends the hexadecimal algorithm 
to gather the temperature data. The rest of the electronic systems have remained completely func-
tional, with the exception of the infrequent LOS.

Temperature specifications were not specifically defined for the Arduino, so the specifications 
for the most sensitive electronic component, the ATmega168 microprocessor (-40°C to 85°C), were 
used. The microprocessor experienced a temperature range from 2°C and 62°C, well within the 
operating temperatures.

Figure 8. Battery voltage decay showing little change between baseline readings and after potting rates.  
There is a noticeable variability in the decay after exposure to the lunar environment.

The continuous function of all on board systems demonstrated that the power system performed 
as anticipated. The main concern with the power system was that thermal cycling, high vacuum, 
or potting would have some effect on voltage decay rate, thus reducing the battery capacity. Upon 
completion of the lunar simulation, the battery box was disassembled to investigate any battery 
damage caused by the thermal cycling process. The battery significantly expanded during the test, 
either due to thermal effects or the large pressure differential. To examine what factor may have led 
to this expansion, another 7.4 V 10,400 mAh lithium ion battery was purchased and tested under 



 Volume 12 | Issue 2 | January 2015  15

American Journal of Undergraduate Research www.ajuronline.org

the same experimental conditions. Baseline readings were taken before potting, after potting, and 
after cycling for six days to determine which treatment variable might have an effect on the voltage 
decay rate. These results show a possible unsystematic shift in the voltage decay rate, which can be 
seen in Table 1. A statistical analysis will need to be completed with a larger sample size to determine 
if the scattered data is an anomaly or a significant change in voltage decay rate.

Trial Decay Time (min) Avg. Voltage (V)

Baseline 128.34 7.280

Baseline 128.17 7.282

Potted 123.85 7.231

Potted 123.84 7.237

After Cycle 123.00 7.253

After Cycle 114.62 7.216

After Cycle 125.84 7.268

Table 1. Voltage Decay vs. Time.

FUTURE WORK
While many of these systems successfully survived the duration of the simulation, this exper-

iment is an ongoing engineering design and implementation test; thus, there will need to be im-
provements in future iterations of this rover to accommodate a more realistic environment. Many 
of the suggested improvements discussed in this section, such as drive system redundancy and 
the use of the least costly processor, were not applied to this rover iteration in order to reduce the 
overall complexity. Other improvements, such as inductance insulation and thermal protection, 
will be natural progressions, as the test environment becomes more realistic. Lastly the payload 
deployment system (PDS) design will be improved for better operation.

Redundancy

The main redundancy that will be implemented on the next design iteration of this rover will be 
the drive system. The current system uses four wheels with four independent motors. While the 
independence between the motors allows for the others to continue operating when one fails, the 
four-point contact of the rover with the simulant creates a one-step failure if a single motor should 
become non-operational. To remedy this flaw, adding another set of wheels with independent mo-
tors will allow the rover to continue to operate, though impaired, allowing the test or mission to be 
salvaged. In future iterations, being able to lift any wheel in the event of a failure would allow con-
tinued unimpaired operation of the rover. This is a key component to many of the current rovers 
in operation today, and will need to be added to THOR in order for realistic operation and testing 
to be viable.

Inductance

THOR’s design did not take into account, nor mitigate for, the possibility of electrical inter-
ference between wires6, with the wires to the motors and two of the temperature sensors being 
longer than necessary (20 cm). After the simulation, testing was conducted to find the root cause 
of the LOS problems and inductive interference was investigated as a possible cause; however, no 
conclusive results were obtained. For future designs, actions will be taken to decrease the chance 
of any inductive interference. All high current carrying wires will be twisted together and covered 
in a copper or aluminum shield connected to a common ground. Wire lengths will be as short as 
possible and any signal wires will be routed through areas that do not contain high power wires.
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Wireless communication

With the cause of the LOS still irreproducible, future iterations will be outfitted with higher 
quality wireless communication modules. The wireless system needs a significant increase in signal 
strength. The system should also be operated on a different frequency band than the 2.4 GHz at 
which it is currently operating in order to avoid interference with other wireless communication 
systems. Channel hopping can also be introduced to avoid interference with other communications 
operating in the lab area. 

Thermal Protection

Thermal insulation modifications will be necessitated by a change in the simulated environment. 
Currently, the thermal table provides the temperature variability from below rather than the more 
realistic radiation from above. This simplifies the analysis and design of THOR in terms of where 
to place the insulation and how much is needed. However, to create a more realistic environment, 
a thermal shroud will be added to the vacuum chamber to simulate radiant heating and cooling. 
This will increase the overall rate of heat transfer, as well as require three dimensional thermal en-
ergy analysis. The next rover iteration will need a new thermal insulation design that will enclose 
the onboard embedded systems currently located on the top of THOR, as well as an active heating 
and cooling system. Several options are currently being explored, but it will require further testing 
and prototyping for a final decision to be made. One innovative and intriguing option is to bury 
the electronics package in the regolith to reduce the rate of thermal transfer to the electronics. As 
mentioned before, lunar regolith has a low thermal conductivity and would shield components 
from extreme temperature variations. This would minimize the temperature fluctuations of the 
electronics reducing the amount of power needed to keep the electronics package within opera-
tional temperatures.

Payload Deployment Systems

The payload deployment system was modeled after the NASA Ames K10 Rover’s antenna de-
ployment system used in the 2013 ISS telerobotics simulations. While this design is functional and 
simple, it lacks certain capabilities. The system uses a servo-motor to control a brake foot on the 
shaft that holds the Kapton film. This limits the system to only an “on/off” control method. Due to 
material and budget constraints, the deployment system design for THOR could not have the same 
control method as the ISS simulation. The deployment system could only lift the brake foot once, 
leaving it unable to stop the deployment if an error occurred. Future iterations of the deployment 
system will use an active control method, ideally, a motor controlling the rotation of the shaft 
directly. This would allow complete control over the speed of deployment and give the rover the 
capability to roll the antenna back up if something went wrong. 

As the simulation’s realism increases, the deployment system should be designed with the capa-
bility to hold multiple antenna arms so that a new one can be loaded into the deployment system af-
ter one has been deployed, mimicking a rover depositing multiple antenna array arms on the Moon.

CONCLUSION
The Global Exploration Roadmap identified planetary surface telepresence as a key component 

of the larger strategy for solar system exploration7. As human exploration becomes increasingly 
frequent and commercialized, it is essential that cost-effective and reproducible technology options 
are generated. It is also important to understand how to conduct human-guided remote operations 
from a control station. THOR demonstrates the feasibility of engineering a rover that is capable 
of surviving extreme environmental conditions, using only widely available, cost-effective COTS 
materials. Future work in preparation of LUNAR’s antenna array deployment mission will contin-
ue at LABS to improve this initial proof-of-concept rover design and control, complementing the 
telerobotics simulations at NASA Ames.
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Joint human-robotic space exploration involving the teleoperation of rovers on planetary surfaces is 
a key strategy defined by the ISECG’s Global Exploration Roadmap. In support of this goal, the LABS 
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ABSTRACT
Racks were introduced in 1959 by G. Wraith and J. Conway as a wreckage of groups, and have been 
used in various topics of mathematics. In this project, we aim to establish certain classical results 
known for subgroups on subracks.
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1. INTRODUCTION
The theory of racks1 is strongly connected to the theory of conjugation in groups. Unlike groups, 

racks are non-associative algebraic structures. They appear in literature under several names such 
as automorphic set 2 , crystals 3 and left distributive left quasigroups4. Originally, racks were called 

“wracks” 5 , and were described as groups in which the group operation is discarded and only the 
concept of conjugation is left (see Example 2.2). A subrack of a rack is a subset that is a rack on its 
own. In this paper, we provide a characterization of subracks. As a result, we construct particular 
subracks of a given rack. In particular, we define the notions of the centralizer of an element in a 
rack and the center of a rack . We also introduce the notion of dimension on racks. In section 4, we 
apply these notions in two examples.
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2. RACKS

Let us recall (see6 and7) a few definitions.
• A Rack (R, ⚬, 1) is a set R with a binary operation ⚬ and a specific element 1 ∈ R such that the 

following conditions are satisfied:
1. x ◦ (y ◦ z) = (x ◦ y) ◦ (x ◦ z)     (1.1)

2. for each x, y ∈ R, there exits a unique a ∈ R such that x ◦ a = y (1.2)

3. 1 ◦ x = x and x ◦ 1 = 1 for all x ∈ R    (1.3)

In addition to these properties,
• A rack R is involutive if it further satisfies     x ◦ (x ◦ y) = y for all x, y ∈ R.
• A rack R is abelian or trivial if it further satisfies     x ◦ y = y for all x, y ∈ R.
• A rack R is a quandle if it further satisfies     x ◦ x = x for all x ∈ R.
• A Kei is an involutive quandle.
• The order of a rack R (denoted |R|) is the number of elements of R.
• Let R, R' be pointed racks. A function α : R → R' is said to be a homomorphism
of racks if     α ( x1 ◦ x2 ) = α ( x1 ) ◦ α ( x2 )   for all x1 , x2 ∈ R, and α (1) = 1.

Example 2.1 
The following is a kei known as the Takasaki Kei 𝔗 = {0, 1, 2, 3, 4, 5} of order 6 with operation
x ◦ y = 2y − x mod 6. Its Cayley table is given by

◦ 0 1 2 3 4 5
0 0 2 4 0 2 4
1 5 1 3 5 1 3
2 4 0 2 4 0 2
3 3 5 1 3 5 1
4 2 4 0 2 4 0
5 1 3 5 1 3 5

Example 2.2

A group G endowed with the operation ◦ defined by x ◦ y  = x y x −1

is a quandle (pointed by 1 ∈ G) called the rack associated to the group G.
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Example 2.3 

Consider the dihedral group D6 = {e, a, b, aba, ab, ba} of order 6 consisting of 3 reflections a, b and  
aba, and 3 rotations e, ab and ba. Its Cayley table is provided below on the left. We construct the 
rack (call it 𝔇6) associated to the dihedral group D6. With the notations  c := aba,  d := ab,  f := ba 
we provide below the Cayley tables:

◦ e a b c d f
e e a b c d f
a a e d f b c
b b f e d c a
c c d f e a b
d d c a b f e
f f b c a e d

◦ e a b c d f
e e a b c d f
a e a c b f d
b e c b a f d
c e b a c f d
d e b c a d f
f e c a b d f

The Dihedral group D6 The Dihedral rack 𝔇6

Note that 𝔇6 is a non involutive quandle since  d ◦ (d ◦ c) = d ◦ a = b ≠ c

Proposition 2.4 

The rack associated to a cyclic group is abelian.

Proof. Let G be a cyclic group and R = (G, ◦) the rack associated to the group G. 

Let x, y ∈ R, we need to show that x ◦ y = y
 x ◦ y = ak al a−k

 = ak+l+−k

 = al

 = y
3. SUBRACKS

Recall that for a pointed rack (R, [−, −], 1), a non empty subset S ⊆ R is called a subrack if 1 ∈ S and 
(S, ◦, 1) has a pointed rack structure.
The following is a characterization of subracks.

Theorem 3.1

A non empty subset S of a (pointed) rack (R, ◦, 1) is a subrack if and only if the following are satisfied:
1. 1 ∈ S  If the rack is pointed
2. S is closed under the binary operation ◦
3. For all a, b ∈ R, a ◦ b ∈ S and a ∈ S implies b ∈ S

Proof. Assume that S is a subrack of R. Then 1. and 2. are satisfied as S ⊆ R. To show 3., let a, b ∈ R 
with a ∈ S and a ◦ b ∈ S. We need to show that b ∈ S. Set c := a ◦ b. Since c ∈ S, a ∈ S and S has a 
rack structure, there exists a unique x ∈ S such that a ◦ x = c. This means that a ◦ x = a ◦ b. So x = b  
by uniqueness in (1.2). Thus, b ∈ S . Conversely, assume that 1., 2. and 3. are satisfied. To show that  
S is a subrack, it remains to show (1.2). For this purpose, let a, b ∈ S. Since S ⊆ R, a, b ∈ R. So there 
exists a unique x ∈ R such that a ◦ x = b  by (1.2) for R. So a ◦ x ∈ S. Now since a ∈ S, it follows by 
the hypothesis 3. that x ∈ S. It is sufficient to take c = x to complete the proof.
Now we prove several results on subracks using this characterization.



 Volume 12 | Issue 2 | January 2015  22

American Journal of Undergraduate Research www.ajuronline.org

Proposition 3.2

The set theoretical intersection of subracks of a rack R is either empty or a subrack of R.

Proof. Let {𝑆𝑖}𝑖 ∈ 𝐼 be a family of subracks of 𝑅. If 𝑅 is pointed, then 1 ∈ ⋂i∈I 𝑆𝑖 as 1 ∈ 𝑆𝑖 for all  
𝑖 ∈ 𝐼.  If 𝑅 is not pointed, then assume ⋂i∈I 𝑆𝑖 ≠ ∅. Now for all 𝑎, 𝑏 ∈ ⋂i∈I 𝑆𝑖  i.e. 𝑎, 𝑏 ∈ 𝑆𝑖  for all  
𝑖 ∈ 𝐼, we have 𝑎 ◦ 𝑏 ∈ 𝑆𝑖 for all i ∈ 𝐼. Thus 𝑎 ◦ 𝑏 ∈ ⋂i∈I Si .  Finally, if 𝑎 ◦ 𝑏 ∈ 𝑆𝑖 and 𝑎 ∈ 𝑆𝑖 for all  
𝑖 ∈ 𝐼, we have 𝑏 ∈ 𝑆𝑖 for all 𝑖 ∈ I by Theorem 3.1. Therefore 𝑏 ∈ ⋂i∈I 𝑆𝑖. The result follows by 
Theorem 3.1.

Definition 3.3

Let 𝑅 be a rack and 𝑀 a subset of 𝑅. The subrack of 𝑅 generated by 𝑀 is the intersection of all 
subracks of 𝑅 containing 𝑀. It is therefore the smallest subrack of 𝑅 containing 𝑀. In particular, 
if 𝑀 is a subrack, then it generates itself.

Definition 3.4

A basis of a rack 𝑅 is a minimal subset of 𝑅 generating 𝑅. Its size is called the dimension of 𝑅.

Example 3.5

The Takasaki Kei 𝔗 and the Dihedral rack 𝔇6 are both racks of order 6, but their dimension is 2 
(see section 4).

The following theorem is analogue to Lagrange’s theorem in group theory.

Theorem 3.6

For a rack 𝑅, the dimension of any subrack 𝑆 of 𝑅 is at most the dimension of 𝑅.

Proof. The proof is straightforward since a basis of 𝑆 is a subset of some basis of 𝑅 as 𝑆 ⊆ 𝑅.

Theorem 3.7

Every (pointed) rack has an involutive subrack.

Proof. Let 𝐾 = {𝑎 ∈ 𝑅| a ◦ (a ◦ 𝑥) = 𝑥 ∀𝑥 ∈ 𝑅.} Clearly, 𝐾 ⊆ 𝑅. Also by (1.3),

1 ◦ (1 ◦ 𝑥) = 1 ◦ 𝑥 = 𝑥 for all 𝑥 ∈ 𝐾 . So 1 ∈ 𝐾 . Let 𝑎, 𝑏 ∈ 𝐾 . Then by (1.1) successively,

 (𝑎 ◦ 𝑏 ) ◦ ((𝑎 ◦ 𝑏 ) ◦ 𝑥) = ((𝑎 ◦ 𝑏 ) ◦ (𝑎 ◦ 𝑏 )) ◦ ((𝑎 ◦ 𝑏 ) ◦ 𝑥)
 = 𝑎 ◦ (𝑏 ◦ 𝑏 ) ◦  (𝑎 ◦ 𝑏 ) ◦ (𝑎 ◦ (𝑎 ◦ 𝑥))
 = 𝑎 ◦ (𝑏 ◦ 𝑏 ) ◦  𝑎 ◦ (𝑏 ◦ (𝑎 ◦ 𝑥)) 
 = 𝑎 ◦ (𝑏 ◦ 𝑏 ) ◦ (𝑏  ◦ (𝑎 ◦ 𝑥))
 = 𝑎 ◦ 𝑏 ◦ (𝑏 ◦ (𝑎 ◦ 𝑥)) 
 = 𝑎 ◦ (𝑎 ◦ 𝑥)
 = 𝑥.

So 𝑎 ◦ 𝑏 ∈ 𝐾  and 𝐾  is closed under the operation ◦. Now Let 𝑎, 𝑏 ∈ 𝑅 with 𝑎 ◦ 𝑏 ∈ 𝐾  and 𝑎 ∈ 𝐾 . 
Then 𝑏 = 𝑎 ◦ (𝑎 ◦ 𝑏 ) ∈ 𝐾  since 𝐾  is closed under the operation ◦. The result follows by Theorem 3.1.

The following are analogue to the centralizer of an element and the center of a group.



 Volume 12 | Issue 2 | January 2015  23

American Journal of Undergraduate Research www.ajuronline.org

Proposition 3.8

Let 𝑅 be a (pointed) rack and 𝑢 ∈ 𝑅. Then 
𝐶𝑢  = {𝑥 ∈ 𝑅| 𝑢  ◦ 𝑥 = 𝑥}

is either empty or a subrack of 𝑅.

Proof. If 𝑅 is pointed, it is clear that 1 ∈ 𝐶𝑢  as 𝑢 ◦ 1 = 1 by (1.3). If 𝑅 is not pointed, then assume  
𝐶𝑢  ≠ ∅ and let 𝑥, 𝑦 ∈ 𝐶𝑢 .

𝑢 ◦ (𝑥 ◦ 𝑦 ) = (𝑢  ◦ 𝑥) ◦ (𝑢  ◦ 𝑦 ) = 𝑥 ◦ 𝑦 .
So 𝐶𝑢  is closed under the binary operation. Now Let 𝑥 ◦ 𝑦 ∈ 𝐶𝑢  with 𝑥 ∈ 𝐶𝑢 

𝑥 ◦ (𝑢 ◦ 𝑦 ) = (𝑢  ◦ 𝑥) ◦ (𝑢  ◦ 𝑦 ) = 𝑢 ◦ (𝑥 ◦ 𝑦 ) = 𝑥 ◦ 𝑦 .
By the uniqueness (1.2), 𝑢 ◦ 𝑦 = 𝑦  and thus 𝑦 ∈ 𝐶𝑢 . The result follows by Theorem 3.1.

Definition 3.9

𝐶𝑢  is called the centralizer of 𝑢 .

Corollary 3.10

Let 𝑅 be a rack. Then 
𝑍(𝑅) = {𝑥 ∈ 𝑅|  𝑎 ◦ 𝑥 = 𝑥, ∀𝑎 ∈ 𝑅}

is either empty or a subrack of 𝑅.

Proof. If 𝑅 is pointed, it is clear that 1 ∈ 𝑍(𝑅) as 𝑢 ◦ 1 = 1 for all 𝑢 ∈ 𝑅. If 𝑅 is not pointed, then 
assume 𝑍(𝑅) ≠ ∅. Then 𝑍(𝑅) = ⋂𝑢 ∈𝑅 𝐶𝑢  because
 𝑥 ∈ Z(R) ⇔ 𝑢 ◦ 𝑥 = 𝑥  for all 𝑢 ∈ R
 ⇔  𝑥 ∈ 𝐶𝑢   for all 𝑢 ∈ R
 ⇔  𝑥 ∈ ⋂

𝑢 ∈𝑅
 𝐶𝑢 .

The result follows by Proposition 3.8 and Proposition 3.2.

Definition 3.11

𝑍(𝑅) is called the center of 𝑅.

Remark 3.12

The normalizer of a subrack 𝑆 of rack 𝑅 is the subrack itself. Indeed as in group theory, the normal-
izer of 𝑆 would be defined by

𝔑𝐿 (𝑆) = {𝑎 ∈ 𝑅| 𝑢 ◦ 𝑎 ∈ 𝑆, ∀𝑢 ∈ 𝑆}.
But it turns out that 𝑆 ⊆ 𝔑𝐿 (𝑆) since 𝑆 is closed under the rack operation ◦. Also for 𝑎 ∈ 𝔑𝐿(S),  
𝑢 ◦ 𝑎 ∈ 𝑆 for all 𝑢 ∈ 𝑆. This implies that 𝑎 ∈ 𝑆 as 𝑆 is a subrack of 𝑅. Hence 𝔑𝐿(𝑆) = 𝑆.

Proposition 3.13

Let 𝑅, 𝑅' be racks and φ : 𝑅 → 𝑅' a rack homomorphism. If 𝑅' is pointed, then the set
𝐾 φ = {𝑥 ∈ 𝑅 / φ(𝑥) = 1}

is a subrack of 𝑅.

Proof. If 𝑅 is pointed, 1 ∈ 𝐾 φ as φ(1) = 1. Let 𝑢 , 𝑣 ∈ 𝐾 φ    i.e. φ(u) = 1 and φ(𝑣 ) = 1. Then φ(𝑎 ◦ 𝑏 ) = 
φ(𝑎) ◦ φ(𝑏 ) = 1 ◦ 1 = 1. So 𝑎 ◦ 𝑏 ∈ 𝐾 φ . Now let 𝑎, 𝑏 ∈ R with 𝑎 ◦ 𝑏 ∈ 𝐾 φ and 𝑎 ∈ 𝐾 φ. Then φ(𝑏 ) = 1
◦ φ(𝑏 ) = φ(𝑎) ◦ φ(𝑏 ) = φ(𝑎 ◦ 𝑏 ) = 1. This implies 𝑏 ∈ 𝐾 φ. The result follows by Theorem 3.1.
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Definition 3.14

𝐾 φ is called the kernel of the rack homomorphism φ.

Proposition 3.15

Let 𝑅, 𝑅' be (pointed) racks with 𝑅' involutive. Let φ : 𝑅 → 𝑅' be a homomorphism. Then the 
image of φ

𝐼𝑚φ := {φ(𝑥), 𝑥 ∈ 𝑅}
is a subrack of 𝑅'.

Proof. If 𝑅 and 𝑅' are pointed, the 1 ∈ 𝐼𝑚φ because 1 = φ(1). Let 𝑦 1, 𝑦 2 ∈ 𝐼𝑚φ   i.e. 𝑦 1 = φ(𝑥1) for 
some 𝑥1 ∈ 𝑅 and 𝑦 2 = φ(𝑥2) for some 𝑥2 ∈ 𝑅. Then 𝑦 1 ◦ 𝑦 2 = φ(𝑥1) ◦ φ(𝑥2) = φ(𝑥1 ◦ 𝑥2) ∈ 𝐼𝑚φ. So 
𝐼𝑚φ is closed under the operation ◦ of 𝑅'. Now let 𝑦 1, 𝑦 2 ∈ 𝑅 with 𝑦 1 ◦ 𝑦 2 ∈ 𝐼𝑚φ and 𝑦 1 ∈ 𝐼𝑚φ. We 
need to show that 𝑦 2 ∈ 𝐼𝑚φ. Indeed 𝑦 1 = φ(𝑥1) and 𝑦 1 ◦ 𝑦 2 = φ(𝑧) for some 𝑥1, 𝑧 ∈ 𝑅. Since 𝑅' is 
involutive, we have 

𝑦 2 = 𝑦 1 ◦ (𝑦 1 ◦ 𝑦 2) = 𝑦 1 ◦ φ(𝑧) = φ(𝑥1) ◦ φ(𝑧) = φ(𝑥1 ◦ 𝑧) ∈ 𝐼𝑚φ.
The result follows by Theorem 3.1.

4. EXAMPLES

Example 4.1

The following are the Cayley tables of the subracks of the Takasaki Kei 𝔗 of Example 2.1.

𝑆0 = {0}
𝑆1 = {1}

𝑆6

 

◦ 0 3
0 0 0
3 3 3

𝑆7

 

◦ 1 4
1 1 1
4 4 4

𝑆8

 

◦ 2 5
2 2 2
2 5 5

𝑆2 = {2}
𝑆3 = {3}

𝑆9

 

◦ 0 2 4
0 0 4 2
2 4 2 0
4 2 0 4

𝑆10

 

◦ 1 3 5
1 1 5 3
3 5 3 1
5 3 1 5

𝑆11 = 𝔗

𝑆4 = {4}
𝑆5 = {5}
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Remarks 4.2

1. 𝔗 has exactly 11 subracks.
2. All the subracks of 𝔗 are also Takasaki Keis of lower order.
3. The dimension of 𝑆9 is 2 as 𝑆9 has basis either of the subsets {0, 2}, {0, 4} or {2, 4}.
4. The dimension of 𝑆10 is 2 as 𝑆10 has basis either of the subsets {1, 3}, {1, 5} or {3, 5}.
5. The dimension of 𝔗 is 2 as 𝔗 has basis either of the subsets {𝑠, 𝑟}, with 𝑠 ∈ {0, 2, 4} and {1, 3, 5}.
6. The center of 𝔗 is empty.
7. The centralizers are as follows: 𝐶0 = {0}, 𝐶1 = {1}, 𝐶2 = {2}, 𝐶3 = {3}, 𝐶4 = {4}, 𝐶5 = {5}

Example 4.3

The following are the Cayley tables of the subracks of the Dihedral rack
𝔇6 (Example 2.3).

𝑆0 = {𝑒}
𝑆1 = {𝑎}

𝑆6

 

◦ e a
e e a
a e a

𝑆7

 

◦ e b
e e b
b e b

𝑆8

 

◦ e c
e e c
c e c

𝑆9

 

◦ e d
e e d
d e d

𝑆10

 

◦ e f
e e f
f e f

𝑆11

 

◦ d f
d d f
f d f

𝑆2 = {𝑏 }
𝑆3 = {𝑐}

𝑆12

 

◦ a b c
a a c b
b c b a
c b a c

𝑆13

 

◦ e d f
e e d f
d e d f
f e d f

𝑆14

 

◦ e a b c
e e a b c
a e a c b
b e c b a
c e b a c

𝑆15

 

◦ a b c d f
a a c b f d
b c b a f d
c b a c f d
d b c a d f
f c a b d f

𝑆16 = 𝔇6

𝑆4 = {𝑑}
𝑆5 = {𝑓}
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Remarks 4.4

1. The center of 𝔇6 is 𝑆0.
2. The rack 𝔇6 has exactly 17 subracks.
3. Every subrack of 𝔇6 is involutive except 𝑆15 and 𝔇6 .
4. The centralizers are as follows: 𝐶𝑒 = 𝔇6, 𝐶𝑎 = 𝑆6, 𝐶𝑏  = 𝑆7, 𝐶𝑐 = 𝑆8, C𝑑 = 𝑆13, C𝑓 = 𝑆13.
5. The subrack 𝑆12 is the Dihedral rack 𝔇3 of order 3.
6. The only non abelian subracks of 𝔇6 are 𝑆12, 𝑆14, 𝑆15 and 𝔇6.
7. The dimension of 𝑆14 is 3 as 𝑆14 has basis the subset {𝑒, 𝑎, 𝑏 }.
8. The dimension of 𝑆15 is 2 as 𝑆15 has basis the subset {𝑎, 𝑑}.
9. The dimension of 𝔇6 is 3 as 𝔇6 has basis either of the subsets {𝑒, 𝑠, 𝑟} with 𝑠 ∈ {𝑎, 𝑏 , 𝑐}  

and 𝑟 ∈ {𝑑, 𝑓}.

Remark 4.5

In group theory, Lagrange’s theorem states that for a group 𝐺, the order of any subgroup 𝐻 of 𝐺  
divides the order of 𝐺. This statement is not true for racks. As a counterexample, 𝑆14 is a subrack of 
the Dihedral rack 𝔇6 above, but |𝑆14| = 4 does not divide 6 = |𝔇6|.

Remark 4.6

The set theoretical union of two subracks is not a subrack. As a counterexample, 𝑆6 and 𝑆13 are 
subracks of the The Dihedral rack 𝔇6 above, but 𝑆6 ⋃ 𝑆13 is not a subrack of 𝔇6.

Remark 4.7

One can check that the map φ : 𝔗 → 𝔇6 defined by:

φ(0) = 𝑎,
φ(1) = 𝑏 ,

φ(2) = 𝑐,
φ(3) = 𝑎,

φ(4) = 𝑏 ,
φ(5) = 𝑐.

is a rack homomorphism. 
Its image is 𝐼𝑚φ = 𝑆12.
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PRESS SUMMARY
The theory of racks is strongly connected to the theory of conjugation in groups. Roughly, racks are 
described as groups in which the group operation is discarded and only the concept of conjugation is 
left. In this paper, we investigate and introduce on racks some notions well-developed in groups, and 
apply those notions in a few examples.
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ABSTRACT
Every living organism on earth has developed and evolved in unit gravity (1G) conditions. It is like-
ly that any deviation from earth’s standard gravity will influence development, particularly at early 
stages. Previous reports from this lab showed that total length is reduced and that ventricle size is 
increased during development at 7G. The objective of the present study was to investigate the effect 
of increasing levels of hypergravity on the development of the ventricular myocardial wall and the 
neuromuscular responsiveness of Xenopus laevis. At early gastrulation, embryos were placed in a 
centrifuge simulating 7G, 10G, 15G or 17G until they reached stage 45 (feeding tadpole stage, approx-
imately 72 hours from initiation of gastrulation). Mortality was low and only the 17G exposure induced 
significant mortality. Immediately following centrifugation, the embryos were stimulated by touching 
with a probe to test neuromuscular responsiveness. With increasing G forces, responsiveness to this 
test was incrementally reduced. A quarter of the embryos were fixed and their body dimensions were 
measured. One group of remaining live embryos, those exposed to 7G, was maintained and swimming 
behavior was observed during daily 5-minute periods for 52 days. Overall, abnormal swimming behav-
ior was found in 33% of 7G embryos and in 2% of controls during this time. These embryos were later 
subjected to an orientation-swimming test. Hypergravity-exposed embryos required, on average, one 
second longer (9% of time required) to become oriented. From the embryos exposed to increasing G 
levels and then fixed, we found that total length was reduced successively at increasing hypergravity 
levels, but the snout-vent proportion of total length increased. Stained sections of the fixed embryos 
revealed that the thickness of the ventricle wall was increased, especially the interior ridge component 
(trabeculae/papillary muscles). The data demonstrates that hypergravity has persistent effects on the 
development of the ventricular myocardial wall, neuromuscular responsiveness, and equilibrium organs.

KEYWORDS
Hypergravity, Xenopus, Embryo, Behavior, Myocardium, Hypertrophy
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INTRODUCTION
Gravity is a universal force on the Earth’s surface and every known organism evolved and devel-

oped under the same gravitational force and the mechanical stress that it imposes. Because of this 
constant force, it is likely that many developmental processes rely upon gravity1. Although living 
things develop under the influence of this force, it is difficult to determine which adaptations and 
mechanisms are gravity dependent or gravity sensitive. Because of this, research aims manipulate 
these forces in order to observe the impact on the development of form and physiological processes. 
There are two manners in which to manipulate these forces: by decreasing force to simulate micro-
gravity (hypogravity) or by increasing force (hypergravity). The research described in this report 
focuses on hypergravity, but the change of the force in either direction could alter the development 
differently.

We used the African clawed frog Xenopus laevis as a suitable model organism. Following mating, 
these amphibians release hundreds of eggs at a time to supply a large number of age-matched sub-
jects of quite similar genetic makeup, thus reducing variability. The embryos are small so that ex-
periments with large numbers are possible. Furthermore, the development time from gastrulation 
to feeding tadpole is only four days. There is also a large body of knowledge of the progression of 
embryonic, larval, and adult development. Like all other amphibians, they have a three-chambered 
heart composed of two atria and one ventricle, distinct from the four-chambered heart of croco-
dilians, birds and mammals. The muscle in the ventricle of the heart, the myocardium, pumps and 
circulates the blood and nutrients throughout the body. Gravitational studies have been conducted 
on several developmental model vertebrates including representative amphibians, birds, and mam-
mals1. Though these organisms differ greatly, they share a fundamentally similar development pro-
cess.

Prior research has shown that early Xenopus embryonic development is altered when subjected 
to a change in gravity. For example, when early embryos at the beginning of gastrulation were 
subjected to simulated microgravity via a high aspect ratio bioreactor for five days, they showed 
changes in morphology compared to the control group including malformations and asymme-
tries in head cartilages, which are derived from neural crest cells (NCCs)2. Following gastrulation, 
NCCs emerge as the neural tube closes and then migrate, moving to new destinations where they 
settle and then differentiate into a wide variety of different tissues, including head cartilages. There 
were also other abnormalities2. In earlier studies in which amphibian embryos were subject to 
microgravity shortly after fertilization (prior to gastrulation) for a short period, there were abnor-
malities as well, but structure and function returned to normal following return to a 1G environ-
ment3, 4. Exposure of similarly early Xenopus embryos to hypergravity, on the other hand, has been 
shown to retard development, induce microcephaly and microphthalmia, suppress gene expression 
of genes involved in fore- and mid-brain development, and induce abnormal apoptosis in the brain 
and eyes5. In studies involving hypergravity imposed somewhat later in development, conducted 
by Remus and Wiens6 and Duchman and Wiens7, embryos were subjected to forces of 7G or 10G 
for five days via centrifugation. Similar to those subjected to microgravity, these larvae showed 
asymmetries in the head cartilages. There was also evidence of a decrease in total length. However, 
there did not appear to be any malformations more incapacitating in experimental embryos than 
in control embryos6, 7. These authors hypothesized that reduced growth could be the result of a 
reduced ability to deliver the nutrients of the yolk material because of insufficient cardiovascular 
circulation. They suggested that this weaker cardiovascular circulation was a result of the increased 
resistance to circulation imposed by hypergravity and that it would lead to cardiac hypertrophy6, 7. 
It is this hypothesis that led to the present study.

Cardiac hypertrophy is the increase in size of the myocardium or cardiac muscle. It is relatively 
common and arises in response to many cardiac stresses such as arrhythmias, myocardial infarc-
tion, hypertension, endocrine disorders, and mechanical load. At first, hypertrophy occurs to com-
pensate for these stresses and to maintain a necessary level of cardiac output. However, sustained 
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periods of cardiac hypertrophy can lead to heart fatigue and eventually overall weakness and a 
decreased stroke volume8. The heart’s development is early and vital in the developing embryonic 
circulatory system9. Its function provides the mechanism through which nutrients are distributed 
throughout the body. An overstressed embryonic heart might be predicted to show some signs of 
hypertrophy as known from the hypertrophied neonatal or adult heart, including increased my-
ofilament size and number, fatigued mitochondria10, and deposition of more fibrous extracellular 
matrix material such as fibronectin11. Duchman and Wiens7 have recently demonstrated a signif-
icant reduction in body cross-sectional area but simultaneously a significant increase in ventricle 
size in Xenopus embryos subjected to 7G during the early gastrulation to feeding tadpole period7. 
We therefore tested the hypothesis further by studying the morphological features of the myocar-
dial wall in embryos exposed to 7G, 10G, 15G, and 17G gravitational fields.

Along with differences in cardiac development, hypergravity is known to induce changes in 
swimming behavior and orientation12 – 14. In vertebrates, it is the vestibular system that acts to con-
trol body, head, and eye posture, as well as swimming behavior. In studies using Xenopus embryos 
and employing both microgravity and hypergravity, the vestibular system has been examined, and 
it has been noted that there are significant physiological and behavioral changes12, 15. These effects 
lasted long after the termination of the exposure to experimental gravitational forces. Among these 
effects was an effect on the roll-induced vestibuloocular reflex (rVOR) and another on the spinal 
motor activity during fictive swimming of the exposed tadpoles12. Therefore we investigated the 
orientation ability and swimming patterns immediately after hypergravity exposure to test the 
effects of incremental increases in gravity from 1G to 17G. Based on the research of Remus and 
Wiens6 and Duchman and Wiens7, we predicted that hypergravity will induce hypertrophy of the 
developing myocardial wall with its trabeculae and papillary muscles, increasing their thickness, 
and that this will be accompanied by an inhibition of body growth as the heart begins to weaken its 
delivery of nutrients6, 7. In addition, we predicted that orientation and swimming behavior would 
show deviations from normal.

MATERIALS AND METHODS

a. Embryo Collection

We produced embryos for experiments by injecting male and female Xenopus laevis frogs with 
human chorionic gonadotropin, to induce spawning, according to previous protocols16, 17. Fertil-
ized embryos were sorted with aid of a stereomicroscope based upon viability and arrival at early 
gastrulation (Nieuwkoop and Faber18 stage 10 – 11). Only viable, normal embryos of the appropri-
ate stage were used for the experiments. Once sorted, the embryos were subjected to 2% cysteine in 
20% Steinberg’s solution (SS) at pH 8.0 for five minutes to completely dejelly them. After dejellying, 
the embryos were subjected to five washes in 10% SS for five minutes each. After the final wash, the 
embryos were sorted again, removing any that were deceased or damaged. Of the remaining viable 
embryos, a sample was randomly selected and placed into Costar 24-well trays, each containing  
2 mL of freshly aerated 10% SS (pH 7.4) and a substratum pad of 300μL of agarose gel (1% agarose 
in 10% SS). For each experiment there were two trays of control embryos and two trays of experi-
mental embryos (48 in each group, 96 total per experiment).
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b. Exposure to Incrementally Increasing Gravitational Fields

To simulate hypergravity in the experimental groups, two trays of 24 embryos were placed on 
the swinging trays on an A-4-62 rotor in an Eppendorf 5810 R centrifuge. The trays were spun for 
72 hours at 190 RPM, 220 RPM, 270 RPM, or 300 RPM to yield 7G, 10G, 15G, or 17G, respectively, 
at the middle of each 24-well tray. The control group trays were taped to the top of the centrifuge 
chamber to equalize vibration effects. The internal temperature of the centrifuge was monitored 
and adjusted to provide close consistency between control and experimental groups. Each 24 hours, 
the centrifuge was stopped for approximately ten minutes to replace the SS with fresh, aerated 
SS and thus maintain water quality. The 72-hour stopping point was chosen because it is the ap-
proximate time required to reach Nieuwkoop and Faber stage 45, the time for normal beginning 
of feeding. At this point, the neural crest cell derived head skeleton’s mandibles and ceratohyals 
would begin to function and the yolk absorption would quickly diminish. We carried out five ex-
periments, two at 7G, one at 10G, one at 15G, and one at 17G.

Following the completion of the 72-hour experiment, the centrifuge was stopped and all four 
trays (96 embryos) were removed, the two spun trays from inside the centrifuge and the two 1G 
control trays from the top. Any deceased embryos were discarded and mortality rates were record-
ed. General examination of all larvae in both groups was carried out to observe any differences be-
tween control and experimental embryos. Each embryo was lightly touched in the order: tail, trunk, 
and head. If the embryo responded (noted by starting to swim or a change in swimming direction 
or fictive swimming), the result was recorded and the embryo was not poked in any other location. 
Each embryo was touched until a response was recorded or ‘no response’ was recorded. From each 
set of embryos, five were removed and flash frozen for future study and ten were fixed in 4% para-
formaldehyde for various studies. The remaining embryos of each group were kept in separate 250 
mL dishes for studies of behavior and observation of any long-term hypergravity effects. 

c. Behavior Studies

Live larvae were observed for five minutes daily for 52 days to record any abnormal swimming 
that might occur. During abnormal swimming, embryos often oriented upside down while moving 
short distances, swam in tight circles, or swam without making progress. Each larva was scored as 
simply demonstrating aberrant swimming behavior or not, and the percentage within the 1G and 
7G exposed groups was recorded daily. We also carried out orientation tests at one month after cen-
trifugation to observe any delays or difficulties. This test was performed once comparing only the 
7G exposed group to its 1G control group. The larvae were placed one at a time into a 50 mL grad-
uate cylinder containing about 40 ml SS. The cylinder was covered with Parafilm and then quickly 
inverted twice and returned to upright, and the tadpole was timed to determine its ability to orient 
and swim to the bottom. Normally all tadpoles first seek the bottom following disorientation. Each 
day during the swimming behavior observations, any deceased embryos were discarded and were 
recorded to determine if there was a difference in mortality rates.

d. Fixation, Embedment and Sectioning

After fixation in 4% paraformaldehyde the larvae were measured to determine total length and 
snout-to-vent length using a binocular dissecting microscope. After fixation and measurements, 
they were dehydrated in an ascending ethanol series, cleared in Protocol Safeclear II (Fisher Scien-
tific) and embedded in paraffin. They were next individually mounted on wooden blocks, trimmed 
and sectioned at six μm onto 42°C water on Tissue Section Adhesive (Richard Allen Scientific, 
Kalamazoo, MI) coated slides using a slide warmer to allow the sections to dry onto the slides. The 
slides were deparaffinized in xylene, rehydrated, and then stained with hematoxylin and eosin and 
mounted under coverslips in GVA mount (Invitrogen). In some cases the sections were mounted 
without staining for differential interference contrast viewing.
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 Total Body

 Snout-vent

e. Dimensional Analysis of Sections

The mounted transverse sections were viewed and photographed with a Leica DMIRE 2 micro-
scope using bright field and differential interference contrast optics. Using image analysis software, 
(Image J, National Institutes of Health) the sections were analyzed and the thickness of the ventri-
cle wall was measured. In addition, papillary muscle thickness and the area of their extension into 
the ventricle chamber were also measured. Multiple samples from each embryo were collected to 
find the averages. The image software was recalibrated before each use to insure accuracy.

f. Statistical Analysis of Data

Once all measurements for the embryos were made, SAS (Statistical Analysis System) Software 
was used to conduct Shapiro-Wilk normality tests on all data sets. SAS was then used to perform 
two-sample t-tests on the corresponding control and experimental data sets. From each experi-
ment, measurements were collected from hypergravity and control groups and recorded. Follow-
ing data collection, a statistical standardization was completed in order to normalize differences 
between the various experimental groups. This was achieved by first comparing and analyzing all 
control groups and then finding an averaged measurement. Next, the average difference in size of 
a control group was calculated and recorded as a percentage. Finally, the difference in average size 
was applied to the corresponding experimental group for a normalized set of data across all exper-
imental groups. Outliers remained in collected data but were not used in calculations. Significance 
probabilities of all measurements were completed and recorded. Significance was indicated in the 
data if the probability was 0.05 or less. In addition, the standard deviation was calculated for all 
groups and displayed in the appropriate figure.
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RESULTS
We used a tabletop centrifuge to expose Xenopus embryos at early gastrulation stage to gravi-

tational fields of 7G, 10G, 15G, and 17G, along with 1G controls. The exposure lasted three days 
until the feeding tadpole stage. During this period, most of the organs come into being, beginning 
with the heart. In all of these experiments we observed that mortality was quite low: 4 – 6% in the 
control, 7G, 10G, and 15G groups. There were no significant differences among them. However, 
at 17G the mortality was 100%. Thus we found a clear limit to the amount of G force the embryos 
could survive.

a. Embryo Responsiveness, Swimming Behavior, and Orientation Ability

The neuromuscular responsiveness of the larvae immediately following the termination of cen-
trifugation was investigated by gently stimulating with a probe. By lightly prodding with a probe 
the tail, trunk, and head region in sequence we determined the first touch that elicited a response. 
The data are shown in Table 1. We found that Xenopus tadpoles are quite sensitive and were very 
likely to respond. Most 1G (control) tadpoles responded to the minimum stimulation, a tail touch, 
and only 1% did not respond to any stimulus. Experimental embryos showed decreasing respon-
siveness, which required stimulation more and more anteriorly, and this loss of responsiveness 
was gravity-dependant. The proportion showing no response, for example, increased incrementally 
from 1% to almost 12% as G force increased from 1G through 7, 10, and 15G (Table 1). The differenc-
es between control and each experimental group were statistically significant.

Table 1. Embryo Touch Test Responsiveness*

 Control 7G 10G 15G

Tail touch 91.4% 75.0% 63.6% 42.9%

Trunk 5.7% 16.7% 22.7% 35.7%

Head 1.9% 4.2% 6.8% 9.5%

No Response 1.0% 4.1% 6.9% 11.9%

Total 100.0% 100.0% 100.0% 100.0%
*For each G force experiment there were 45 – 46 control and 45 – 46 hypergravity-exposed embryos tested.

We also made long-term observations of swimming behavior. We accumulated this data over a 
period of almost eight weeks by simply recording whether or not aberrant swimming was seen in 
individuals that had been exposed to 7G occupying a 250 ml glass dish, during a period of five min-
utes. The percentage of individuals in the group showing aberrant swimming; such as swimming 
upside-down, swimming in tight circles, or swimming without progress; was calculated. These 
data are shown in Figure 1. On all but one day (day 18 post-experiment) the tadpoles exposed to 7G 
showed 15 – 80% incidence of aberrant swimming. Such swimming was observed among control 
tadpoles on only seven of the 52 days and was seen in never more than 10% of the individuals in 
the group.
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Figure 1. Aberrant swimming behavior among control and 7G exposed Xenopus tadpoles. During five minutes of obser-
vation on successive days, the percent of individuals showing odd swimming was calculated. Those that exhibited such 
behavior were recorded and removed from the well to prevent double counting. The percentage of 7G tadpoles showing 
aberrant swimming was significantly greater on all days but one. The behavior was far more frequent in the hypergravi-
ty-exposed group.

As a third method to evaluate neuromuscular behavior development in hypergravity, we tested 
the ability of the 7G-exposed tadpoles to orient after a disrupting turbulence in a column of water. 
This testing was carried out one month after the hypergravity exposure. Xenopus larvae normally 
seek the bottom in a vessel of water after disturbance of orientation. Testing one individual at a 
time, we induced the disturbance and quickly timed the arrival to the bottom surface, as described 
in Materials and Methods. The results are displayed in Figure 2. The distribution of individuals 
timed showed that the quickest orienting tadpoles required only a second among controls, but al-
most two seconds among those exposed to 7G hypergravity. There was a consistent delay of almost 
a second through the sample trials of more than 40 tadpoles. 

 
Figure 2. Scatter distribution of times required to orient in a disturbed water column and seek and arrive at the bottom. 
Number along the X-axis shows individuals tested. The quickest orienting individuals required about one second among 
controls, but almost two seconds among the 7G exposed. There was a delay of almost a second through the sample of 
more than 40 tadpoles. 

b. Body Length Measurements

To verify the inhibition of growth in body length in hypergravity demonstrated in previous work 
in this lab6, 7, and to test the gravity-dependence of this, we obtained total body and snout-to-vent 
lengths, and calculated the ratios of these for all four magnitudes of G-force. The comparisons were 
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made from normalized data (as described in Materials and Methods) because the size of embryos 
varied from experiment to experiment due to parent genetic factors (and perhaps other) factors. We 
found that statistically significant differences in overall total length did exist between each experi-
mental group and the control group. Although the difference between 10G and 15G groups was not 
significant, the difference between the 10G and 7G groups was. Tadpole total length was found, on 
average, to be reduced as G-force increased (Table 2).

Table 2. Body Lengths of Tadpoles Exposed to Increasing Gravitational Force

Control (1G) 7G 10G 15G

Mean Body 
Length ± SD (mm) 8.18 ± 0.21 7.69* ± 0.54 6.88* ± 0.51 6.56* ± 0.99

Mean Snout-vent 
Length ± SD (mm) 3.26 ± 0.10 3.27 ± 0.22 3.24 ± 0.23 3.29**± 0.27

Sample Size 80 20 20 20
*Significantly shorter than control. **Significantly longer than control.

In contrast, average snout-to-vent length was not reduced by hypergravity. The differences 
among the four groups were small and not significant, with exception of the 15G group, which 
were actually slightly but significantly longer controls (Table 2). Because this result indicates that 
the effect of hypergravity on body length was mainly to reduce the tail, we plotted the proportion 
of total length occupied by the head-trunk as a function of G-force. It is evident from the graph 
(Figure 3) that this ratio responded to increasing gravity with corresponding incremental increases.

 

 
Figure 3. The proportion of the body composed of snout-vent (the head with trunk length as a percentage of total 
length) increased in parallel with an increase in gravitational force during development. Thus the region containing the 
enlarged heart and nearby vital organs grew more than the peripheral propulsion organ, the tail.

c. Cross Sectional Width of Ventricle Wall

In order to explore the cardiac hypertrophy reported earlier by Duchman and Wiens7, we sec-
tioned some fixed and embedded tadpoles from each group transversely through the heart and 
histologically stained the sections or viewed them using differential interference microscopy. From 
calibrated images of these we measured ventricle wall thickness, and the length and area of the 
muscle ridges (trabeculae or papillary muscles) extending into the chamber from the wall. The 
measurements were made as indicated in Figure 4.
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Figure 4. Transverse section through control tadpole revealing the heart and measurements taken. The image was 
captured using differential interference microscopy. The ventricular myocardium (VM) wall is of normal thickness and 
the trabeculae / papillary muscles (TPM) extend into the ventricle chamber prominently. We measured the thickness of 
the ventricle wall from outside edge to continuous cavity space (longer bracketed line) in several locations, the lengths of 
the several trabeculae / papillary muscles (shorter bracketed line), and also their areas (rectangle). Bar = 50 μm.

We observed no statistically significant differences in ventricle wall thickness in the 7G group 
compared to controls. However, we did find significant differences between the controls and the 
10G and 15G groups. The ventricle wall was thicker, approximately a third thicker than controls 
in the 15G group (Figure 5C). The thickness appeared to increase as G-force increased. The data for 
these measurements are shown in Figure 5.

  

  
Figure 5. Ventricle wall thickness and hypergravity. A. Thickness was measured from the outer surface of myocardium 
to the continuous cavity region inside (includes trabeculae / papillary muscles), among all populations of control and 
experimental larvae. The numbers of walls measured were 135 for control, and 45 each for the 7G, 10G, and 15G groups. 
Error bars indicate standard deviations. B. Section through heart of control embryo. C. Section through heart of  
embryo exposed to 15G. Size and prominent muscular ridges show evidence of hypertrophy. Bar = 50 µm.  

*Significantly thicker than control group. 
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d. Cross Sectional Areas of Cardiac Trabeculae/Papillary Muscles

Because the muscle ridges that occupy the interior of the myocardial walls develop early as the 
forthcoming trabeculae, and the papillary muscles attaching to valves, it is possible they also be-
come more prominent during hypertrophy. We were unable to distinguish trabeculae from pap-
illary muscles in sections, thus we considered them together. We evaluated their size by using the 
imaging software to draw approximate rectangles over their profiles extending into the cavity in 
the sections and we calculated the areas. The results are shown in Figure 6. We found statistically 
significant differences in these mean areas compared to control groups as a result of developing in 
hypergravity. The mean areas were 16%, 30%, and 90% greater in 7G, 10G and 15G experimental 
groups. As with ventricle wall thickness, these increased incrementally with increasing G-force.

 

 
Figure 6. The areas in sections of the muscular ridges extending interiorly from the ventricular myocardial wall inward 
(trabeculae and papillary muscles) were measured among all populations of control and hypergravity-exposed tadpoles. 
The bars represent the mean of these areas with standard deviations shown as error bars. The numbers of ridges mea-
sured were 135 for control, and 45 each for the 7G, 10G, and 15G groups. The mean areas in sections were incrementally 
increased in 7G, 10G and 15G experimental groups. *Significantly greater than control.

DISCUSSION
In this study we employed centrifugation to simulate hypergravity and test its effects on Xeno-

pus laevis embryonic development from early gastrulation (Nieuwkoop and Faber stage 10 – 11) to 
stage 45, when feeding begins. This period encompasses the time of development of the heart (its 
formation is apparent at stage 29 – 30 and contractions begin at stage 33 – 34) and also the other 
major organs. We simulated gravitational fields of 7G, 10G, 15G, and 17G, along with 1G controls 
during each centrifugation, and we made observations and measurements of body and heart di-
mensions to see if they would confirm and extend previous findings6, 7 and elucidate whether the 
effects increase with incremental increases in gravitational force. In the experiments at 7G, we also 
evaluated the development of swimming and orientation ability. Thus we investigated in greater 
detail the growth inhibition and cardiac hypertrophy effects seen previously6, 7 and we also looked 
for evidence of effects on the organs of balance, swimming and orientation.

In all of our experiments the embryos began their development and continued as far as gastru-
lation in unit gravity (1G). Thus they bypassed the effects that hypergravity is known to have on 
earlier development. This includes effects on the development of signaling centers and inductions, 
on cleavage and its spindle positioning, and on involution, which begins formation of germ layers. 
Therefore our findings relate only to the effects of hypergravity on organogenesis rather than on 
early events.
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We noted that the mortality rate was low compared to that observed in previous work from this 
lab7. We attribute this to more stringent screening and selection of embryos for the experiments, 
and perhaps to the good health status of the parent frogs. Based on this low mortality it is apparent 
that the forces associated with even 15G can be tolerated remarkably well by Xenopus once they 
have made it as far as gastrulation at unit gravity. They emerged from the centrifuge looking small-
er but basically normal, and most were able to respond to stimulation and swim briefly. However, 
the centrifugation at 17G did result in complete mortality. This indicates the maximum gravita-
tional stress load that these embryos can withstand lies between 15G and 17G (for our experimen-
tal set-up). 

Our results from the touch testing for responsiveness (testing was done shortly after the end 
of centrifugation) showed that responsiveness, very high at unit gravity, declined with increasing 
G-force. Larvae required touches at increasingly anterior locations to show a response, and the pro-
portion responding declined. Responding to a stimulus with swimming minimally involves func-
tional receptors, neural integration, and muscle contraction. Our observations are a predictable 
outcome if gravitational force has an impact on components of this system. Several studies have 
provided evidence for such effects. Böser and Horn12 showed that ventral root motor activity re-
corded during fictive swimming (tail motion producing swimming bursts) in Xenopus is sensitive 
to development in 3G hypergravity, and that recorded mean burst duration increased significantly. 
Furthermore, Horn and Sebastian19 and Pronych et. al.20 reported that the vestibular system reflex 
rVOR is sensitive to hypergravity during a sensitive period, indicating that oriented swimming 
motion can be affected. The rVOR depends on the maculae and cristae to help the animal control 
posture and response to visual stimuli. In addition, Horn et. al.21 reported evidence of a micrograv-
ity exposure effect on the shape of otoconia and on the number and size of Calbindin-expressing 
cells in the maculae. Thus hypergravity might be predicted to also have effects. Our results showing 
an incremental increase in inhibition of responsiveness from control to 7G, 10G, and 15G and also 
showing that 7G hypergravity-exposed tadpoles required significantly more time to gain orienta-
tion and swim to the bottom after induced turbulence, add new information for Xenopus. In a 1998 
study Fejtek et. al.14 reported no substantive effects of hypergravity exposure on swimming behav-
ior in Xenopus tadpoles. However in their experiments only one exposure, at 3G, was used. Because 
the embryos in our study handled up to 15G and were still able to feed and swim, 3G is probably not 
sufficient to alter swimming behavior, but our results show that 7G and higher forces do alter both 
the incidence of aberrant swimming and swimming orientation ability. 

In previous reports from our lab, total length and snout-to-vent length were found to be stunted 
by development over the same period (gastrulation through feeding tadpole stage) in 7G hyper-
gravity7 and both 7G and 10G hypergravity6. Furthermore, the effect at 10G was greater than the 
effect at 7G6. In the present study we found that the average total length declined commensurately 
with increasing gravitational force, as expected. This supports the hypothesis of an incremental 
effect of G-force. However, the snout-to-vent length measurements were not found to be different. 
The embryos had quite similar snout-to-vent length through all gravitational levels. But in the 
present study the data were normalized (as described in Materials and Methods) in order to cor-
rect for variability in the size of embryos from experiment to experiment due to genetic factors. It 
is probable that snout-to-vent lengths would have also been similar in the previous studies if the 
normalization had been applied. In the current study we found that the proportion of the total 
length that was composed of head and trunk in fact became greater as the level of gravity increased  
(Figure 3), even though total length decreased. This implies a decreased amount of total length 
composed of the tail. This is consistent with the hypothesis that a hypertrophied and weakening 
heart is less able to distribute nutrients throughout the entirety of the body, particularly in higher 
gravitational forces. Duchman and Wiens did measure the body cross-section area of the trunk 
and found that 7G hypergravity caused it to decrease7. Therefore it seems that hypergravity causes 
a narrowing of the trunk even though its length becomes an increasing proportion of total length. 
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This may be related to insufficient nutrient distribution.
We also measured histological properties of the heart. Though the ventricle wall was not signifi-

cantly thicker, the interior ridges (trabeculae and papillary muscle lengths and areas) increased 
significantly with gravitational force. These findings extend those of Duchman and Wiens7 who 
found that the cross-sectional area of the heart was increased by exposure to 7G. If the ventricular 
myocardium is thicker and has longer and broader ridges, this difference at least partly accounts 
for the larger cross-sectional area. Taken together with body size and proportion data, this can be 
taken as further support of cardiac hypertrophy and insufficient circulatory support for tail growth.

The initiation and early development of the beating heart is the most vital component in the cir-
culation of blood. Furthermore, the heart is responsible for the dispersion of nutrients throughout 
the body from the yolk mass via the developing circulatory system. The increase of gravitational 
force adds a resistance to the dispersion of the blood with its nutrients and therefore places an in-
creased load on the heart. Our data support the idea that this increased workload and cardiac stress 
result in cardiac hypertrophy, particularly in the ventricle, as a response to gravitational stress. 
The hindered ability of the heart to pump nutrients throughout the rest of the body may have an 
inhibitory effect on growth, especially in tail length, and could affect swimming ability because the 
tail is the primary locomotor organ. This effect could augment the likely effects on development of 
balance organs and reflexes such as rVOR.  

We have provided new information and insight into the effect of hypergravity upon the devel-
opment of the ventricular myocardial wall, neuromuscular responsiveness and equilibrium or-
gans. Further study should seek biochemical or physiological evidence through the use of marker 
peptides such as atrial natriuretic factor (ANF) or fibronectin (FN). ANF is a cardiac hypertrophy 
modulator secreted at higher levels during hypertrophy. FN has been found to participate in reg-
ulating the orientation of synthesized collagen and therefore myocardial compliance. Myocardial 
compliance is an important feature that is usually decreased in the presence of cardiac hypertrophy. 
Furthermore, FN levels may also be higher in areas of cardiac damage, a symptom of cardiac hy-
pertrophy, as it accumulates in these areas. FN levels and orientation could be investigated using an 
antibody to show its immunohistological features in hypergravity-exposed hearts.
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PRESS SUMMARY
Life on earth has developed and evolved in unit gravity (1G) conditions and it is likely that any devi-
ation in this force would affect early development. The objective of this study was to investigate the 
effect of increasing levels of gravitational force on the development of body dimensions, the cardiac 
muscular wall and the neuromuscular responsiveness of the African Clawed frog Xenopus laevis. Early 
embryos were placed in a centrifuge simulating 7G, 10G, 15G or 17G until they reached the feeding tad-
pole stage, and then they were examined and tested. We found that with increasing G forces, respon-
siveness was incrementally reduced, aberrant swimming behavior was more frequent, and orientation 
ability was slower. Their total length was reduced successively at increasing hypergravity levels, but 
the snout-vent proportion of total length increased. The thickness of the ventricle wall was increased, 
especially the interior ridges, suggesting hypertrophy. Our data demonstrate that hypergravity has 
persistent effects on the development of the ventricular myocardial wall, neuromuscular responsive-
ness, and equilibrium organs.
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ABSTRACT
The Department of Mathematics and Statistics at California State University Sacramento has been 
using the Intermediate Algebra Diagnostic (IAD) test as a proxy tool to screen students intending to 
enroll in an introductory statistics course (Stat 1). However, the use of an algebraic test as a diagnostic 
tool for a statistics course has been questioned by some faculty members and students at this univer-
sity. The regression models used in this study (simple linear regression, hierarchical linear regression, 
and logistic regression) show that higher IAD scores are related to higher final grades in Stat 1, even 
after adjusting for different instructors. Inferences were also made in this study to predict a passing 
grade and passing rates in Stat 1 based on the bounds of the confidence and prediction intervals  
obtained for the IAD scores with these models.

KEYWORDS
Linear Regression, Logistic Regression, Statistics Diagnostic Test, Algebra Diagnostic Test, MDTP, 
Introductory Statistics

1. BACKGROUND
Past experience among faculty members in the Department of Mathematics and Statistics at 

California State University, Sacramento (CSUS) indicates the need to require some level of abstract 
reasoning and quantitative maturity from students registering in the course Introduction to Sta-
tistics (Stat 1). The department has never been able to find an appropriate existing diagnostic test 
for introductory statistics courses, so it has been using the Intermediate Algebra Diagnostic (IAD) 
test as a proxy tool to screen students intending to enroll in Stat 1. However, the use of an algebraic 
test as a diagnostic tool for a statistics course has been questioned by some faculty members and 
students at CSUS. Therefore there is a need for a study to determine if there is a relationship be-
tween the IAD scores and final grades in Stat 1. For this purpose the IAD scores and final grades in 
Stat 1 of over 550 students who have taken this course over a period of two semester terms and one 
summer session were collected to conduct such a study.

The IAD test is a product of the Mathematics Diagnostic Testing Project (MDTP)1. This project 
was founded in 1978 as a product of a joint endeavor between the University of California and the 
California State University systems, which aimed to design a measurement of student readiness for 
a wide range of mathematics courses. The original test was created not only by faculty members 
from these two university systems, but also by a workgroup of faculty from community colleges 
and high schools in California1. The current workgroup of developers of the test is assisted by the 
Educational Testing Service1.

The IAD test and other tests created by the MDTP do not provide a scaling score (such as A, B, 
C, etc.) since these tests are not intended to be used as final exams. Instead, raw scores (0 to 45 in 
the case of the IAD test) are reported to students to complement a placement procedure that should 
take into account previous coursework, grades, etc., as part of a reliable indicator of students’  
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mathematical proficiency to succeed in a course1. Currently, the Mathematics and Statistics  
Department at CSUS requires a minimum IAD score of 32 for students to register in Stat 1 classes; 
however students with scores from 27 – 31 can sometimes register with a warning that they may 
have to work harder than the rest of the class to succeed in the course (the department calls this 
range of scores “Advisory Enrollment”). These are the same minimum scores required for Modern 
Business Math (Math 24), Calculus for Social and Life Sciences (Math 26A), and Precalculus (Math 
29).

The literature on the Web page of the MDTP project states that in order to determine cutoff 
scores and “counseling ranges,”1 statistical analyses of test scores and subsequent course perfor-
mance should be conducted to validate the use of the test as a placement tool1. To date, no record 
of a statistical analysis of this kind exists for the Stat 1 course. However, the number of full time 
statisticians in the Mathematics and Statistics department at CSU Sacramento has increased from 
two to five in recent years, which has provided the department with the manpower needed to pay 
closer attention to this course, and to conduct such an analysis. The analysis presented here was 
conducted to investigate the question in the title of this article.

The Science Transfer Project (STP), which is part of the CSUS Science Educational Equity Pro-
gram (SEE), aims to offer basic research experience to the underrepresented students that it serves. 
This project seeks to help students at the undergraduate level to learn, with faculty supervision, 
skills for carrying out elementary research in their fields of specialization. The analysis required for 
this study provides an opportunity that meets the goals of this program. The didactic style of this 
article stems from the need for the students involved in this project to both learn linear and logistic 
regression modeling while also learning how to analyze their results to test research hypotheses.

2. METHODS
The data collected for this analysis contains the IAD scores, final grades, and coded information 

of the Stat 1 classes for 564 students who took this course during the Summer and Fall of 2008, and 
the Spring of 2009. The original data set consisted of a larger number of students, but this number 
was reduced due to the inclusion criteria for this study, which excluded students who were taking 
this class for at least a second time and students who had taken more advanced mathematics classes 
prior to taking Stat 1.

Descriptive statistics of the data set are presented in Table 1 where a general increasing trend in 
final grades can be observed as the values of the measures of location statistics (mean, median and 
quartiles) for the IAD scores increase.
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Final 
Grade n (%) Min Q1 Median Q3 Max x̄ S

A 97 (17) 19 31 35 40 45 35.19 5.45

A- 29 (05) 28 31 33 37 41 33.69 3.70

B+ 93 (16) 22 30 32.5 35 41 32.52 4.00

B 43 (08) 20 30 33 36 42 32.92 4.90

B- 46 (08) 23 28 31 34 44 31.09 4.38

C+ 86 (15) 26 28 31.5 34 42 31.64 4.21

C 38 (07) 18 28 31 34 41 31.03 3.93

C- 36 (07) 24 27 30.5 34 39 31.11 4.17

D+ 36 (07) 23 31 32 34 36 31.57 4.20

D 8 (01) 19 28 30 34 39 30.39 4.40

D- 7 (01) 24 29.25 30.5 32.5 37 30.63 4.00

F 45 (08) 19 27 30 33 44 30.47 4.77

Table 1. Summary Statistics for the IAD scores by final grade: n(%) = number (percentage) of students who obtained the 
grade in column 1; Min = minimum IAD, Max = maximum IAD, Q1 = 25th percentile, Median, Q3 = 75th percentile, 
mean x̄, and standard deviation S of the IAD scores of students who obtained the grade in column 1.

The relationship between IAD scores and final grades was analyzed using linear and logistic re-
gression techniques. The linear regression analysis allowed for inferences to be made regarding the 
minimum IAD scores required to pass STAT 1, while the logistic regression analysis allowed for 
inferences regarding probabilities of passing STAT 1 for each of the IAD scores observed. 

For the linear regression analysis, final letter grades were converted to percentages in order to 
obtain a numerical response variable. Since each letter grade corresponds to an interval of percent-
ages, two scales were obtained to reflect on the different criteria that can be used when assigning 
percentages to letter grades. Two regression models using each of these scales were fitted to the 
data, and inferences using confidence and prediction intervals from these models were subsequent-
ly compared. In addition, a hierarchical linear regression model was included to examine the hier-
archical nature of the data (students nested within classrooms). For the logistic regression analysis, 
the grades were converted to a dichotomous outcome, pass or fail, using two criteria. In the first 
case, passing was defined as obtaining a grade of at least a D-, the general cutoff for a passing grade, 
while in the other passing was defined as obtaining a grade of at least C-, which is the criterion used 
by many majors on campus that require Stat 1.

The linear and logistic regression analyses were conducted using the statistical software R2, and 
the hierarchical linear regression model obtained using HLM 7 3.

3. ANALYSIS

3.1. Linear Regression Analysis

The linear regression analysis is divided into three sections. In the first section two regression 
models are fitted using the two scales of percentages assigned to the final letter grades. In the sec-
ond section these models are used to obtain confidence and prediction intervals for final percent-
age grades based on IAD scores. The third section presents an analysis using a hierarchical linear 
regression model to examine the hierarchical nature of the data where students are nested within 
classrooms.
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3.1.1. Linear Regression Models

When using the first scale, the numbers assigned to the final letter grades are the midpoints of 
the numerical intervals that are used to assign these letters based on the standard scale used at 
CSUS. For example, students who received an A as a final grade had an average final course per-
centage that fell into the range of 93 to 100; therefore, these students were assigned a numerical 
grade of 96.5. For a grade of F, which corresponds to a percentage from 0 to 59.9, a value of 57.95 
was assigned to match the difference of 3.5 percentage points that exists between the midpoints for 
other letter grades. This numerical recoding of the final grades is listed in Table 2.

Letter 
Grade A A- B+ B B- C+ C C- D+ D D- F

Numerical 
Grade 96.5 91.45 88.45 84.95 81.45 78.45 74.95 71.45 68.45 64.95 61.45 57.95

Table 2. Numerical coding used for final letter grades (first scale).

In the scatterplot (shown with its least squares regression line) of numerical final scores against 
IAD scores in Figure 1, a positive linear trend is not very obvious to the naked eye due to the over-
lapping data points which appear in different shades. However, Figure 2 shows another graphical 
representation of this data set using boxplots of the numerical scores, without outliers, against 
each of the values of the IAD scores. In this plot it can be seen that for those students (a total of 41) 
who were admitted to a Stat 1 class by exception, with an IAD score below the minimum of 27 (see 
“Advisory Enrollment” in “Background”), the relationship of the IAD scores to the final numerical 
grades does not follow a linear trend. However, the median numerical final grades for each IAD 
score (represented by the segment in the middle of the boxplots) follows a general positive linear 
trend starting at about an IAD score of 26 and 27. Thus a linear regression model was fitted to the 
entire data set, and then separate linear regression models were fitted for each of the subsets of stu-
dents with IAD scores below 27 and students with IAD scores of 27 and above. That is, the intercept 
β0 and the slope β1 of the linear equation of these data’s numerical final scores, yi , in terms of the 
IAD scores, xi , are estimated via ordinary least squares regression:

yi = β0+ β1 xi+ ei   Equation 1.

The ei in Equation 1 represent the effect of the particular set of students i in this study who received 
a specific IAD score xi . This model assumes ei to be normally distributed with mean zero and com-
mon variance for the numerical grades across groups of IAD scores. 

It is helpful to scale the variable x by subtracting the average of all IAD scores, , from the 
IAD score of each student, (xi- x̄) (a process called “centering” in statistics) so that the intercept in  
Equation 1 matches the average of the numerical final grades for all students (the estimate of the 
slope does not change when centering the variable x ): 

yi = β0+ β1 (xi- x̄) + ei Equation 2.
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Figure 1. Numerical grade scores against IAD scores with least squares regression line (Scenario 1).

 
Figure 2. Boxplots of Numerical grade scores against IAD scores (first scale).

The estimated coefficients in Equation 2 when using the entire data set is: 

yi = 80.4727 + 0.7365(xi- 32.2814) + ei Equation 3.

Table 3 presents the summary of the estimates in Equation 3 where it can be seen that there is a signif-
icant statistical linear relationship (t-test, 562 d.f., p-value: 5.29 x 10-14) between the IAD scores and 
the numerical version of the final grades. The slope in Equation 3 indicates that for each extra unit 
achieved in the IAD score, the estimated numerical final grade is expected to increase, on average, 
by about 0.74 of a percentage point. Of less importance, the p-value of the intercept of this centered 
equation is the p-value for the t-test of the hypothesis that the average numerical final grades for 
the students in this data set, 80.4727, is different from zero (however, it would be regrettable if this 
hypothesis were not rejected!).
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Degrees of 
Freedom Estimate Standard 

Error t–value Pr ( > | t | )

Intercept 1 80.4727 0.4616 174.34 < 0.001

Slope 562 0.7365 0.0964 7.722 < 0.001

Residual Standard Error: 10.96 R-squared = 0.09409

Table 3. Summary for the regression model using the entire data set (first scale).

The estimates in Equation 3 changed only slightly when excluding the 41 students with IAD scores 
of 26 and below, and also when using students with IAD scores of 27 and above. Therefore, there 
was no need to provide separate analyses for these subgroups.

The second scale uses a conservative approach when assigning the numbers to the final letter 
grades: instead of using the midpoints of the numerical intervals, mentioned above, that correspond 
to these letters, it uses their lower bounds, with the exception of using 50 for the interval [0 – 59] that 
corresponds to the letter F. This numerical coding of the letter grades is shown in Table 4.

Letter 
Grade A A- B+ B B- C+ C C- D+ D D- F

Numerical 
Grade 93 90 87 83 80 77 73 70 67 63 60 50

Table 4. Numerical coding used for final letter grades (second scale).

The estimates and summary of the regression equation when using the numerical final grades in 
Table 4 are shown in Equation 4 and Table 5, respectively. It is no surprise that the slope of Equation 
4 is almost the same as that of Equation 3 since changing the numerical grades from the first to the 
second scale amounts to an almost vertical downward shift (numerical grades were decreased by 
almost the same constant amount) in the data points. The intercept in Equation 4 does reflect this 
downward shift in predicted final grades sought with this model. 

yi = 77.9592 + 0.7371(xi- 32.9446) + ei Equation 4.

Degrees of 
Freedom Estimate Standard 

Error t–value Pr ( > | t | )

Intercept 1 77.9592 0.4917 158.548 < 0.001

Slope 562 0.7371 0.1027 7.177 < 0.001

Residual Standard Error: 11.68 R-squared = 0.08397 

Table 5. Summary for the regression equation using students with IAD scores of 27 and above (second scale).
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3.1.2. Confidence Intervals (CI) and Prediction Intervals (PI)

The least squares regression lines provide estimates for the population average numerical final 
grade for each of the IAD scores. Upper and lower bounds for 95% confidence intervals for the 
average numerical final grade of students broken down by IAD score are listed in Tables 6 and 7 
for models (3) and (4), respectively. These bounds were computed using the formula in Equation 5 4. 
Assuming the grades and scores of the students included in this study are a representative sample 
of those of the population of students who take Stat 1, one can be 95% confident that the average 
numerical final numerical grade in Stat 1 of the population of students with a given IAD score 
falls between these two bounds. Note that, under both models, one can be 95% confident that even 
students with an IAD score of 18 will get, on average, a final grade of at least 64.3953%, which 
corresponds to at least a grade of D. On the other hand, students with an IAD score of at least 22 
under model (3), and at least 25 under model (4), can be 95% confident to obtain, on average, a final 
numerical grade above the minimum numerical final grade of 70% (corresponding to a grade of 
C-) required as a passing grade by most majors on campus that have this class as a requirement. 

 Equation 5.

IAD CI:Lower CI:Upper PI:Lower PI:Upper IAD CI:Lower CI:Upper PI:Lower PI:Upper

18 67.10279 72.80611 48.23899  91.6699 32 79.35742 81.17348 58.71891 100*

19 68.01811 73.36379 48.99825 92.38365 33 80.08533 81.91857 59.45504 100*

20 68.93188 73.92301 49.75588 93.09902 34 80.77536 82.70154 60.18951 100*

21 69.84375 74.48414 50.51187 93.81602 35 81.43256 83.51734 60.92232 100*

22 70.75325 75.04764 51.26623 94.53467 36 82.06371 84.35919 61.65347 100*

23 71.65976 75.61414 52.01894 95.25496 37 82.67527 85.22063 62.38296 100*

24 72.56243 76.18447 52.77 95.97689 38 83.27243 86.09647 63.11079 100*

25 73.4601 76.75979 53.51942 96.70048 39 83.85903 86.98286 63.83696 100*

26 74.35117 77.34173 54.26718 97.42572 40 84.43784 87.87705 64.56148 100*

27 75.23334 77.93255 55.01328 98.15261 41 85.01082 88.77708 65.28434 100*

28 76.10344 78.53546 55.75773 98.88117 42 85.57935 89.68155 66.00555 100*

29 76.95703 79.15486 56.50052 99.61138 43 86.14444 90.58945 66.72512 100*

30 77.78834 79.79656 57.24164 100.000* 44 86.70684 91.50006 67.44305 100*

31 78.59058 80.46732 57.98111 100.000* 45 87.26709 92.41281 68.15934 100*

Table 6. Confidence Intervals (CI) and Prediction Intervals (PI) for IAD scores (first scale).  
*Indicates truncated bounds due to overshoot.

Of more interest for this study is the construction of prediction intervals, which differ in a funda-
mental way from confidence intervals: prediction intervals provide an interval estimate for a future 
individual numerical final grade of a student who enrolls in Stat 1 with a particular IAD score, 
rather than the average numerical final grade for a population of individuals who have enrolled in 
a Stat 1 course and who share a particular common IAD score. The lower and upper bounds for this 
kind of interval, broken down by IAD score, were obtained using Equation 64 for each of the models. 
The bounds of these intervals are also listed in Tables 6 and 7.

 Equation 6.
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IAD CI:Lower CI:Upper PI:Lower PI:Upper IAD CI:Lower CI:Upper PI:Lower PI:Upper

18 64.3953 70.4715 44.29639 90.57041 32 76.78527 78.72019 54.79566 100*

19 65.32292 71.01807 45.05773 91.28326 33 77.51316 79.46649 55.53237 100*

20 66.24889 71.56629 45.81734 91.99784 34 78.20069 80.25314 56.26730 100*

21 67.17283 72.11654 46.5752 92.71417 35 78.85326 81.07477 57.00046 100*

22 68.09425 72.66931 47.33132 93.43224 36 79.47808 81.92414 57.73185 100*

23 69.01248 73.22527 48.08568 94.15207 37 80.08203 82.79438 58.46147 100*

24 69.92661 73.78533 48.83829 94.87365 38 80.67065 83.67995 59.18932 100*

25 70.83543 74.35070 49.58915 95.59698 39 81.24802 84.57676 59.91541 100*

26 71.73719 74.92313 50.33824 96.32208 40 81.81709 85.48188 60.63974 100*

27 72.62949 75.50502 51.08556 97.04895 41 82.37995 86.39321 61.36230 100*

28 73.50890 76.09980 51.83112 97.77758 42 82.93808 87.30928 62.08311 100*

29 74.37073 76.71216 52.57491 98.50798 43 83.49254 88.229 62.80216 100*

30 75.20881 77.34827 53.31693 99.24014 44 84.04413 89.1516 63.51947 100*

31 76.01590 78.01537 54.05718 99.97409 45 84.59344 90.07649 64.23503 100*

Table 7. Confidence Intervals (CI) and Prediction Intervals (PI) for IAD scores (second scale). 
* Indicates truncated bounds due to overshoot.

Note that these intervals, on the one hand, indicate that for a randomly chosen student with a 
grade of at least 34 under model (3), and a at least 40 under model (4), one can be 95% confident that 
he/she will pass Stat 1 with a numerical final grade of at least 60%, which corresponds to a grade of 
at least a D-. On the other hand, one could argue that this model also predicts that if this student 
has an IAD score as low as 18, his/her predicted final grade may be as high an A- (91.6%) — the 
same can be said with for the model that uses the more conservative scale, although with a lower 
percentage final grade that still corresponds to an A- (90.57%). Note also that the prediction inter-
vals of IAD scores as low as 30 of this model have upper bounds that needed to be truncated due to 
overshot (upper bounds above the maximum of 100%).

It can be then concluded then, that the variation in final grades for each IAD score did not allow 
the regression models to provide prediction or confidence intervals tight enough to predict accu-
rately, final grades in terms of IAD scores.

3.1.3. Hierarchical Linear and Logistic Regression Models (Adjusting the Model for Classrooms)

The data set of this study consists of students from 32 classes taught by a total of 11 instructors. 
The linear regression models above assume that the effect of IAD scores is the same across class-
rooms and instructors. However, it is possible that the relationship between IAD scores and final 
grades varies by instructor, and even by class taught by the same instructor. Instructors may have 
different styles or abilities, and dynamics between students and instructor may also differ from 
class to class. The levels of the variable instructor (that is, the instructors themselves) are not fixed 
categories of individual interest in this analysis. Therefore, instead of coding the instructors using 
dummy variables (10 of them would be needed given, that there are 11 instructors), the effect of this 
relatively large number of instructors can be modeled using random coefficients in a hierarchical 
linear model5.

In order to introduce the idea of a hierarchical linear model, one can consider first the not so 
practical alternative of fitting a regression line for each of the 32 classes in this data set. Thus, if two 
of these lines were to be compared, the line with the higher intercept would be indicative of a higher 
numerical final grade for the corresponding class. Also, if both lines had a positive slope, the line 



 Volume 12 | Issue 2 | January 2015  51

American Journal of Undergraduate Research www.ajuronline.org

with the larger slope would be indicative of a stronger effect of IAD scores on final grades. Now out 
of all of these 32 lines, lines with the largest intercepts and smallest slopes (high final grades that 
do not depend much on IAD scores) could be indicative of a lenient instructor, or also of a very 
effective instructor whose students’ high grades do not depend much on IAD scores. Further inter-
pretations could be drawn from other combinations of intercepts’ and slopes’ relative magnitudes. 

Given the impracticality of fitting a line for each class, a hierarchical linear model could be more 
effective in this situation. A simple model of this kind assumes that each classroom j (level-2 unit) is 
a random sample from a population of classrooms whose effects U0j on final grades, after adjusting 
for the effect of IAD scores, are random variables with mean zero and common variance τ 20 (pop-
ulation between-group variance). The model also assumes that each student i (level-1 unit) within 
a classroom j is a random sample from a population of students whose effects eij on final grades, 
after adjusting for the effect of IAD scores, are random variables with mean zero and common 
variance (population within-group variance) σ2 within each classroom. A final assumption linking 
these variance components is that the random effects U0j are independent of the random effects eij . 
Thus the final grades of a student i in classroom j, yij , can be represented linearly in terms of these 
random effects and the student’s cluster-centered IAD score (xij − x̄∙j ) as described in the following 
equation:

yij = γ00 + γ10(xij − x̄∙j ) + U0j  + eij   Equation 7.

In terms of the notation used by Snijders and Bosker5 this equation can be seen as a model that 
allows for classroom-specific regression models yij = β0+ β1(xij − x̄∙j ) + eij  that share the same slope, 
(β1=γ10 ), but permits separate random intercepts for each classroom j (β0=γ00 + U0j ). As the reader 
may have surmised, in order to allow for these models to also have classroom-specific slopes, one 
would need to add a third set of random effects U1j (β1 = γ10+U1j ) for each classroom j, which would 
be independent of the other two sets of random effects, and would also be assumed to be random 
variables with mean zero and variance τ 21 . The resulting model would be:

yij = (γ00 + U0j ) + (γ10 + U1j )(xij − x̄∙j )  + eij  Equation 8.

Table 8 below presents the summary of model (7) when estimating its parameters with the sta-
tistical software HLM7. A p-value of the t-test less than 0.001 for the variance component τ 20 of the 
random intercept indicates that the classrooms do differ in their average final grades. The coeffi-
cients for the fixed effects of the intercept and the slope are very close to those obtained with the 
simple regression model (see Table 3), which does not account for the clustering effect of the class-
rooms; however, the standard error for the intercept of the hierarchical model (0.778995) is almost 
twice that of the simple regression model (0.4670). This is an indication that these two estimates 
are rather different from a statistical point of view. In the words of Snijder and Bosker5, the simple 
regression model (3) “produces an over-optimistic impression of the precision of this estimate, and 
illustrates the lack of trustworthiness of using simple regression modeling for estimates of multi-
level data.” Rounding the estimates in Table 8 to two decimals, a low average final grade classroom 
(bottom 2.5 percent) has a value of U0j of about 2 standard deviations below the mean, so that it will 
have a regression line:

yij = 80.83 − 2(0.78) + 0.72IAD = 79.27 + 0.72IAD Equation 9.

This regression line differs slightly from that of a typical high average final grade classroom  
(upper 2.5 percent):

yij = 80.83 − 2(0.78) + 0.72IAD = 82.39 + 0.72IAD Equation 10.
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Fixed Effect Degrees of 
Freedom Coefficient Standard 

Error t-value Pr ( > | t | )

Intercept γ0 31 80.829332 0.778995 103.7611 < 0.001

Slope γ1 490 0.719604 0.11902  6.431 < 0.001

Random Effect Degrees of 
Freedom

Estimate of  
Variance  

Component

Estimate of 
Standard 

Deviation τ0

Chi 
Square p-value

Var of U0j (τ 20) 31 12.18985 3.49149 86.97264 < 0.001

Var of eij (σ  2) 110.86590 10.52929

Table 8. Summary for the hierarchical regression model in Equation 7.

The difference between the intercepts of lines (9) and (10), although statistically different, pres-
ents no practical difference, since the intercepts of these two lines differ (point estimates for the 
population average numerical final scores of classes in the 2.5th and 97.5th percentiles, respective-
ly) by barely half a letter grade. 

The hierarchical regression model (8) that allows for different slopes (γ10 + U1j ) produced no  
statistical difference between the slopes of the regression lines of the classrooms (p-value of t-test 
for the null hypothesis, var (U0j ) = τ 21 = 0, greater than 0.5) as shown in the summary of this model 
in Table 9.

Fixed Effect Degrees of 
Freedom Coefficient Standard 

Error t-value Pr ( > | t | )

Intercept γ0 31 80.838120 0.779788 103.667 < 0.001

Slope γ1 490 0.726215 0.114033  6.368 < 0.001

Random Effect Degrees of 
Freedom

Estimate of  
Variance  

Component

Estimate of 
Standard 

Deviation τ0

Chi 
Square p-value

Var of U0j (τ 20) 31 12.2468 3.49954 87.14417 < 0.001

Var of U1j (τ 21) 31 0.01423 0.11928 29.16380 > 0.5

Var of eij (σ  2) 110.64026 10.51857

Table 9. Summary for the hierarchical regression model in Equation 8.
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3.2. Logistic Regression Analysis

As an alternative to converting final letter grades to approximate percentages, a logistic regres-
sion equation can be obtained to model the probability of passing the course using IAD scores 
as a predictor variable. This requires recoding the passing grades with a 1 and the failing grades 
with a 0. If the probability of passing the course given an IAD score xi is denoted as π(xi ), the log-
odds (logarithm of the odds) or logit of these probabilities, logit[π(xi )] = log[π(xi )(1−π(xi ))], can be  
predicted as a linear function of the IAD scores.

If passing the course is defined as obtaining a grade of at least D-, the logistic regression equation 
when using the entire data set is given by: 

log ( π(xi )
1−π(xi ) ) = −0.37117 + 0.08958xi  Equation 11.

Whereas if passing the course is defined of obtaining a grade of at least a C-, the equation is: 

log ( π(xi )
1−π(xi ) ) = −1.48029+0.09706xi  Equation 12.

The summaries of models (11) and (12), listed in Tables 10 and 11, respectively, indicate a signif-
icant relationship between the IAD scores and the probability of passing the course (p-values of 
z-tests for slopes less than 0.01). However, the null hypothesis that the intercept is zero cannot be 
rejected in both of the models. This lack of significance for the intercepts has no intrinsic value in 
this analysis since there are no students who enroll in the course with an IAD score of zero. The 
Chi-square tests with 1 degree of freedom (d.f.) at the bottom of these tables are goodness of fit 
tests. For both models, this test rejects the null hypothesis that the fit of the model that uses the IAD 
as a predictor is no better than the model with just an intercept (null model).

Estimate Standard Error z–value Pr ( > | z | )

Intercept -0.37117 1.05491 -0.352 0.72495

Slope 0.08958 0.03405 2.631 < 0.01

Chi-square = 7.2, d.f. = 1, p < 0.01

Table 10. Summary for the logistic regression Equation 11 if passing grade is at least D-.

Estimate Standard Error z–value Pr ( > | z | )

Intercept -1.48029 .078449 -1.887 0.059168

Slope 0.09706 0.02511 3.865 < 0.001

Chi-square = 15.91, d.f. = 1, p < 0.0001

Table 11. Summary for the logistic regression Equation 12 if passing grade is at least C-.

When solving for the predicted probabilities π(xi ) in terms of the intercept β0, and the slope β1 in 
models (11) and (12), the resulting equation is: 

π(xi ) = ( exp(β0 + β1 xi )
1+ exp(β0 + β1 xi )

)    Equation 13.
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Tables 12 and 13 list the predicted probabilities, for the given IAD scores, of passing the course with 
a D- and a C-, respectively. These tables also list the 95% confidence intervals of these probabilities.

IAD Probability CI: Lower CI:Upper IAD Probability CI: Lower CI:Upper

18 0.7757727 0.5850923 0.8946066 32 0.923809 0.8980247 0.9434841

19 0.7909688 0.6214484 0.8971406 33 0.9298794 0.9037926 0.9492896

20 0.8053934 0.6563261 0.8996857 34 0.9354999 0.9084203 0.9549692

21 0.8190504 0.6894004 0.9022551 35 0.9406986 0.9122341 0.9603329

22 0.8319489 0.7204120 0.9048659 36 0.9455028 0.9154722 0.965269

23 0.844103 0.7491678 0.9075414 37 0.9499384 0.9182990 0.9697291

24 0.8555307 0.7755373 0.9103131 38 0.9540305 0.9208251 0.9737075

25 0.8662534 0.7994422 0.9132239 39 0.9578031 0.9231254 0.9772238

26 0.8762954 0.8208449 0.9163327 40 0.9612785 0.9252513 0.980311

27 0.8856829 0.8397333 0.9197179 41 0.9644784 0.9272387 0.9830079

28 0.8944438 0.8561118 0.9234769 42 0.9674228 0.9291132 0.9853549

29 0.9026072 0.8700039 0.9277129 43 0.9701307 0.9308935 0.9873916

30 0.9102026 0.8814821 0.9324961 44 0.9726198 0.9325935 0.9891547

31 0.9172599 0.8907203 0.9378042 45 0.9749069 0.9342239 0.9906783

Table 12. Predicted Probabilities and Confidence Intervals for passing with grade of at least D-.

The confidence interval in Table 12 for the current minimum required IAD score of 32 indicates that 
one can be 95% confident that at the most 10% (1 – 0.898 = 0.102) of students with and IAD score 
of 32 are expected to fail the class with a grade of F. T – 0.802 = 0.198) if a C- is required to pass the 
course (see Table 13).

IAD Probability CI: Lower CI:Upper IAD Probability CI: Lower CI:Upper

18 0.5663090 0.3997442 0.7191292 32 0.8355744 0.8016251 0.8646944

19 0.5899766 0.4345689 0.7292797 33 0.8484791 0.8141652 0.8774111

20 0.6132346 0.4699295 0.7392909 34 0.8605401 0.8249142 0.8898846

21 0.6359874 0.5054408 0.749175 35 0.8717861 0.8343183 0.9017783

22 0.6581479 0.5407022 0.7589502 36 0.8822493 0.8427208 0.9128704

23 0.6796388 0.5753120 0.7686434 37 0.8919644 0.8503639 0.9230462

24 0.7003937 0.6088788 0.7782927 38 0.9009680 0.8574136 0.9322693

25 0.7203572 0.6410306 0.7879527 39 0.9092975 0.8639835 0.9405539

26 0.7394853 0.6714189 0.7977000 40 0.9169910 0.8701523 0.9479448

27 0.7577450 0.6997189 0.8076407 41 0.9240864 0.8759761 0.9545035

28 0.7751141 0.7256294 0.8179135 42 0.9306212 0.8814959 0.960299

29 0.7915804 0.7488827 0.828679 43 0.936632 0.8867425 0.9654028

30 0.807141 0.7692857 0.8400763 44 0.9421544 0.8917399 0.9698848

31 0.8218014 0.7868013 0.8521355 45 0.9472227 0.8965071 0.9738117

Table 13. Predicted Probabilities and Confidence Intervals for passing with grade of at least C-.
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4. CONCLUSIONS
All models in this analysis show that there is a significant positive relationship between IAD 

scores and final grades for students registering in the introductory statistics course Stat 1 at CSUS. 
The regression models indicate that on average an increase of one point in the IAD score increases 
the numerical final grade by 0.74 of a percentage point. The hierarchical linear model showed that 
this relationship of IAD scores and final grades is independent of the instructors. 

While the linear regressions models produced confidence and prediction intervals that were too 
wide to be helpful, the logistic regression model did produce more narrow and informative confi-
dence intervals. The confidence intervals indicate that for students with IAD scores of at least 32, 
the maximum failing rate with a grade of F, is on average 10%. This percentage increases to 20% 
for students who need to pass the class with a grade of at least C-. The increasing bounds of the 
confidence intervals show that these failing rates increase as the IAD scores decrease. This model 
can then be used by the department to adjust the minimum IAD score based on its goals in terms 
of failing rates for Stat 1. 

Therefore, the results of this study supports the use of the IAD test as a tool to screen students 
registering in Stat 1. The IAD test is not necessarily testing students in statistical concepts, but it 
may indeed be measuring a level of abstract thinking required for success in Stat 1. IAD scores are 
not predictive of particular final grades in Stat 1, but they are useful in predicting the failing, and 
passing, rates in this course. Current efforts at CSUS and other universities to expedite students’ 
time-to-degree may find this study useful in helping them decide the risks of enrolling underpre-
pared students in Stat 1.
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The use of the intermediate algebra diagnostic (IAD) test as a screening tool for a statistics course 
(Stat 1) in the Department of Mathematics and Statistics at California State University Sacramento has 
been questioned by some faculty members and students at this university. The statistical analysis in 
this study shows that higher IAD scores are indeed related to higher final grades in Stat 1, even after 
adjusting for different instructors when using a sample of over 550 students who have taken this 
course. Inferences were also made in this study to predict passing grades and passing rates in Stat 1 
when using IAD scores as predictors.
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ABSTRACT
In the present paper, we investigate a space curve in which the curvature is constant and the torsion is 
a linear function. The aim of this paper is to find an explicit formula for this space curve when the ratio 
of the torsion to the curvature is a linear function when the curvature is constant.
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1. INTRODUCTION
The structure of a helix is a significant, often studied field in differential geometry. A curve of 

a constant slope or general helix is defined by the property that its tangent vector field makes as 
a constant angle with a fixed straight line (the axis of the general helix) in Euclidean space ℝ3. A 
prevalent result stated by M. A. Lancret1 in 1802 and first proved by B. de Saint Venant in 1845 is 
that a necessary and sufficient condition is that a curve be a general helix in which the ratio of 
curvature to torsion is constant. Mathematicians know that a general helix has a constant ratio 
of torsion to curvature, but this ratio can be further studied by considering different relationship 
between the curvature and the torsion, such as what happens when the ratio of torsion to curvature 
is a linear function. In fact, B. Y. Chen2 defined the conditions for such a case. The purpose of this 
paper is to investigate an explicit formula for space curves when the ratio of torsion to curvature is 
a linear function when the curvature is constant. To do this, we use a series of solutions to the third 
order differential equation that has polynomial coefficients.
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2. PRELIMINARIES 3, 4

We consider a smooth curve 𝛼:𝛪→ℝ³,𝛼=𝛼(𝑡)  such that 𝛼 '(𝑡)≠0 and 𝛼 ' is continuous for any 

𝑡∈𝐼 . The unit tangent vector field  is well defined. After taking reparametrization  

with respect to arc length 𝑠 , we may assume 𝛼 is a unit speed curve i.e. the magnitude of derivative 
𝛼'(𝑠) is 1.

Definition

The curvature 𝜅 is defined as 𝜅(𝑠)= |  T '(𝑠) | .
The curvature of a curve measures how fast a curve changes its direction at a specific point. 

Alternatively, we have another formula for the curvature  by chain rule and the  

principle normal vector of a unit speed curve 𝛼 is defined as   .

Note that the unit vectors T and N are perpendicular to each other. However, since the vectors 
are defined in ℝ³ , there is the third unit vector in ℝ³ , called the binormal vector which is orthog-
onal to both T and N : B = T × N.

Then these three vectors {T, N, B} form an orthonormal basis in ℝ³ , which is called the Frenet 
frame.

Let us investigate the derivatives of {T, N, B}:   B'  = (T × N)'  = T '  × N + T × N'. 
From the definition, we know that T '  = 𝜅N and, N × N = 0, and then we get B'  = T × N'.
Thus we have the following definition.

Definition

Let 𝛼(𝑡)  be a unit speed curve. Then, the torsion of 𝛼  is defined as the function 𝜏 (𝑡)  where  
B'(𝑡) = −𝜏 (𝑡)N(𝑡) .

Note, by taking the dot product with N(𝑡) , we define 𝜏  by 𝜏 =−⟨B',N⟩ .

Since we know that T, N, B are mutually perpendicular to each other, we write N = B × T . Using 
B'  = −𝜏N and T '  = 𝜅N , we derive the following formula:

  N'= B'  × T + B × T'= −𝜏N × T + B × 𝜅N = −𝜅T + 𝜏B

Frenet-Serret Theorem

The Frenet frame {T, N, B} satisfies the following derivatives given by,

  T'= 𝜅N
  N'= −𝜅T + 𝜏B
  B'  = −𝜏N
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3. MAIN RESULTS
Assume that 𝜅(𝑠)= |  T '(𝑠) |  > 0 is a constant and 𝜏 = 𝜅𝑠  by our assumption. 
It will be useful to reparametrize 𝛼 by a parameter 𝑡 given by:

  .

From the Frenet-Serret formulas, we have the following,

   Formula 1.

By taking the second and the third derivative of 𝑁, we get

  

Then we have a third order differential equation on 𝑁 = 𝑁(𝑡):

  

Since 𝑡 = 0 is an ordinary point for this linear DE, there exists a series solution in a neighborhood 
of 𝑡 = 0 so that we can substitute    into the equation to determine the coeeficient vectors 
a𝑛’s.

Now we have

  

By taking index shift and expanding the equation, we get

  

It becomes

  

Then we have    and  .

That is,   and   respectively.

Furthermore, for 𝑛 = 2,  which gives   .

When 𝑛 = 3,   which gives   .



 Volume 12 | Issue 2 | January 2015  60

American Journal of Undergraduate Research www.ajuronline.org

Continuing this process, we are able to determine the coefficients for the series solution for

To find T from here, we can take N to have 

For some constant vectors 𝑎0, 𝑎1, 𝑎2 and 𝑏 .

Since 𝛼 '(𝑡)= T, from here, we take 𝑇 again an d then  

For some constant vectors 𝑎0, 𝑎1, 𝑎2, and 𝑐.
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4. ANALYSIS
Because T and N are orthogonal to each other, it satisfies ⟨𝑇 ,𝑁⟩=0 for any t.

It is true for any t so that  ⟨𝑎 0, 𝑏 ⟩=0  since  N(0) = 𝑎 0 and T(0) = 𝑏 . 

Also, by using the fact that T is a unit vector ⟨𝑇 ,𝑇 ⟩=|T|2= 1, we can get ⟨𝑏 , 𝑏 ⟩=1=⟨𝑎 0, 𝑎 0⟩.

We want to find the unknown constant vectors 𝑎0, 𝑎1, 𝑎2, b, c so that we can determine the curve,   
𝛼(𝑡) completely.

Without loss of generality, we may assume that 𝛼(0)=c=⟨0,0,0⟩ and 𝑇 (0)=b=⟨0,1,0⟩, that is, 𝑐=0 
and 𝑏 =j

And since N(0) = 𝑎0, which is a unit vector orthogonal to b, let 𝑎0= i = ⟨1, 0, 0⟩.

Also, we have N'(0) = 𝑎1. By Formula 1, we have N'(0) = −T(0) = −b = −j.

Now, we have 𝑎0= i , 𝑎1= −j, b = j. 

We take 𝑡=0 into the second derivative and then we derive N"(0) = 2𝑎2. 

By definition, B(0) = T(0) × N(0) =  j × i = −k and from Formula 1, we have an expression 

   

  

Using two equations of N"(0), we can conclude that  .

Now, we have the following coefficient vectors

  

Therefore, here is the summary of the result.

Theorem

A unit speed curve 𝛼(𝑠) with torsion 𝜏 = 𝜅𝑠  and a constant curvature 𝜅>0 has the expression, after 
taking some reparametrization, 
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Figure 1. A graph of the curve.

Remark

(a) A space curve is defined as rectifying2 if for some fixed point p, 𝛼(𝑠) − p  is always contained 
in the plane spanned by  𝑇 (𝑠) and 𝐵(𝑠). In the same paper, the author proved that a curve is 
rectifying if and only if  = 𝑎𝑠 + 𝑏  for constants 𝑎 and 𝑏  with 𝑎 ≠ 0. 

(b) It was shown2 that 𝛼(𝑠) is rectifying if and only if it can be reparametrized to have the form 
𝛼(𝑡) = 𝑎sec(𝑡)𝛽(𝑡), where 𝛽(𝑡) is a unit speed curve on the unit sphere 𝑆2 and 𝑎 > 0.
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PRESS SUMMARY
The first chapter of undergraduate differential geometry is about the curves in 3-dimensional space. 
Because one of famous results about the general helix is that it has the constant ratio of torsion to 
curvature, a natural question is to think about the next simple case: the ratio of torsion to curvature as 
a linear function. Using the idea of series solution to the differential equation, one can find the curve 
explicitly with the extra condition that the curvature is a constant. 
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ABSTRACT
Abiotic environmental variation can have dramatic effects on plant floral morphology and nectar or 
pollen rewards. In response, pollinators may change their foraging behavior and distribution and if 
pollinators change their foraging behavior or distribution, this could have dramatic effects on the 
reproductive success of plant populations. To start tackling this problem, we measured the response 
of floral morphology (corolla diameter, stamen length, and ovule number) of Raphanus raphanistrum 
to experimental manipulations of field soil moisture. As soil moisture increased, corolla diameter and 
anther length grew. We expect these changes to provide more visitation rewards for insects in moist 
conditions. Therefore, water availability influences growth and development of flowers, and may have 
dramatic effects on insect community dynamics.

KEYWORDS
Floral Rewards, Climate, Rain-out Shelters, Flower Morphology, Raphanus raphanistrum, Brassicaceae

INTRODUCTION
Recently, plant and animal populations have experienced dramatic changes in the availability of 

water due to climate change; the prevalence of very dry areas (land areas with a Palmer drought  
severity index < −3.0) and the frequency of great inland flood catastrophes have doubled in the 
last 15 years relative to less recent history (1950’s – 1980’s)1, 2. With increasing infrared-absorbing 

‘greenhouse’ gases, air temperature has risen by 0.89°C over the past century and rainfall during 
storms has intensified3. Obviously, climate can dramatically and directly influence the morphol-
ogy and reproductive success of organisms, thereby altering population persistence and species 
geographic distributions4, 5. A large body of evidence now shows that changing climates have influ-
enced the geographic distribution of many taxa6, moving species boundaries poleward an average 
6.1 km per decade or up elevational gradients 6.1 m per decade5. Further, the timing of reproduc-
tion and development of biota has advanced an average of 2.3 days per decade (e.g., flowering, 
migration, etc.)5. Through anthropogenic climate change, changing water availability may change 
plant phenology and distributions and therefore altering the persistence and visitation patterns 
of pollinator populations. Altered water availability may affect pollinator visitation patterns by a) 
directly altering insect abundance and diversity or b) changing the features of flowers, including 
floral attractiveness and floral rewards. 

Indirect environmental effects may negatively impact the survival and reproduction of some 
plant species7. Alternatively, some plants are capable of immediate and plastic phenotypic respons-
es that may affect the attractiveness of their flowers to floral visitors. In response to environmental 
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cues, individual plants may change floral phenotypes via phenotypic plasticity 8-11. For example, 
under wet conditions, Nicotiana quadrivalvis produces larger flowers and greater nectar volume 
than under control conditions10. When dry conditions prevail, flowers tend to be smaller, to reduce 
water loss via transpiration10, 12. These changes may increase or decrease floral attractiveness. Larg-
er flowers are more attractive to pollinators13-15. However, producing more nectar may decrease 
nectar quality, as the additional volume increases water quantity rather than sugar concentration, 
as observed in N. quadrivalvis10. Other floral attractants include corolla size, shape, and stamen 
length16, 17. 

In this study, we imposed a watering treatment on plants growing in experimental populations 
of the weedy annual Raphanus raphanistrum to investigate the effects of soil moisture variation 
on floral morphology and pollinator visitation patterns. Raphanus raphanistrum is a well-estab-
lished model system in studies of plant evolution and ecology as well as insect foraging behavior18-21.  
Specifically, we asked does water availability influence the floral morphology and reproductive 
capacity of Raphanus raphanistrum? We predicted that flowers would get larger as water increases 
and therefore increase their reproductive potential both via floral attractiveness to insect pollina-
tors and allocation to male and female function.

METHODS

Study Species

Raphanus raphanistrum is a self-incompatible, hermaphroditic, weed species that is closely relat-
ed to the cultivated radish22, 23. It is native to northern Europe and very abundant throughout the 
northeastern United States, among other places24. Since R. raphanistrum is an invasive weed and 
has been noted growing in a variety of field crops, it is important to know the factors that influence 
its reproductive success. Cabbage butterflies, honey bees, small sweat bees, bumble bees and syr-
phid flies are the most frequent pollinators associated with this species21, 22. 

Study Site

The experiment was performed at Koffler Scientific Reserve (KSR) at Jokers Hill, King City, 
ON (44° 03' N, 79° 29' W) nestled in the Oak Ridges Moraine. The land offers about 350 hectares 
of diverse forests, pastures, and wetland communities. We carried out the experiment over the 
summer of 2011; the average monthly precipitation for that summer was 89.97mm25. 

Watering Treatments

We experimentally manipulated the amount of rainfall received by natural density plots (planted 
at a maximum density of 119 plants / 11.15 m2 plot or 10.67 plants per m2) of Raphanus raphanis-
trum. Each natural density plot was assigned a specific watering treatment: No Rain, Control Un-
sheltered, Control Sheltered, or Double Rain. To control the amount of rainfall received, rain exclu-
sion structures (minimum 1.6 m above ground) were built to cover No Rain, Control Sheltered, and 
Double Rain plots (Figure 1). The No Rain plots received no rainfall. In contrast, Control Unshel-
tered plots received all natural rainfall and were used to represent conditions without manipulation 
of water availability or shading by the rain exclusion shelters. Control Sheltered plots received all 
the rainfall collected at their site, which we applied (sprinkling water on plots with a hose fitted 
with a spray nozzle) within 48 hours of any rainfall event. Control Sheltered plots acted as a con-
trol that accounted for the effect of the rain exclusion shelter. Finally, Double Rain plots received 
double the volume of rainfall of the control plots. We measured soil moisture at the center of each 
plot, using a TDR (Field Scout, TDR 100/200 Spectrum Technologies, Inc., Plainfield, IL, USA), at 
10 cm depths after each redistribution of rainfall, a total of eight events during the growing season 
(between July 26, 2011 and September 28, 2011).
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Figure 1. Experimental rain-exclusion plot used in the experiment. Photo by A. Weis

The 40 plots were organized in a completely randomized block design; each block consisted of 
eight plots, totaling in five blocks, or replicas, of the experiment. Plots within each block were lo-
cated close together to increase the likelihood of sharing environmental conditions (i.e. soil quality, 
geographical landscape). There were 40 plots; each was 2.44 m × 3.05m in size and were separated 
by at least 200 m of distance between plots and scattered across the reserve, so that treatments 
imposed on one plot would have little effect on responses in another plot26. The shelters were built 
with wooden frames held up approximately 2m above the ground by four fencing posts and metal 
rods, with an angled roof to let the rainwater run down the roof. Clear plastic sheets prevented 
rain from falling but allowed sunlight to reach plants. A gutter was attached to wooden frame and 
rainwater was diverted to a 208L barrel (note that 208L is approximately the amount of rainwater 
collected during a heavy rainfall at our site). 

To determine the effect of the experimental rainfall treatment on soil moisture in each treatment 
type (No Rain, Control Shelter, Control Unsheltered, Double Rain), we used a repeated measures 
ANOVA that included type of watering treatment, date of moisture treatment, and their interaction. 
Block was treated as a random effect. Post-hoc comparisons among treatments were established 
using Tukey’s HSD test.

Floral Morphology

In order to determine if plant floral morphology responded to variation in water availability, 
we measured three floral traits: corolla diameter, stamen length, and number of ovules for plants 
grown in Double Rain, No Rain, or Control Sheltered conditions.

Floral morphology was measured on a second group of 40 controlled density plots (72 plants per 
11.15 m2 or 6.46 plants per m2) where plant density within plots was held constant (another factor 
that may affect floral traits). Here, only three plots per block were sheltered and thus were the only 
plots to receive an experimental watering treatment (i.e. Double Rain, No Rain, or Control Shel-
tered); the other five plots per block were Control Unsheltered. For these Controlled Density plots, 
the rain-exclusion shelter design differed only in that the roofs were shorter than the shelters over 
the natural density plots (one meter above ground level) and the intercepted rain was diverted away 
from the plot, and plants in plots were watered with water from a local well instead. The Controlled 
Density plots were located within a meter of each other. Raphanus raphanistrum seeds were germi-
nated in seedling trays. We thoroughly tilled the soil of a common garden. On June 20th – 23rd, 20 
focal seedlings were transplanted into each prepared plot. In addition to the 20 focal seedlings, two 
border rows were added to maintain constant competition within the plots, resulting in a total of 
72 plants per plot; all seedlings were planted within 30cm of each neighbor and plots were weeded 
to maintain constant levels of competition. 
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To measure the effects of soil moisture on three floral attributes (corolla diameter, stamen length, 
and number of ovules), two flowers per plant were collected randomly from three randomly se-
lected plants per Controlled Density plot in late August 2011; a total of 240 flowers were measured. 
Corolla diameter was measured at the widest part of the corolla with digital calipers. Similarly, the 
longest stamen of a flower (measured from the point of insertion at the ovary) was measured with 
a caliper. In order to count the number of ovules, the pistil of a flower was carefully dissected and 
each ovule was counted.

To test for differences in floral morphology among plants grown in the four watering treatments, 
we ran a linear mixed model ANOVA for each floral trait. Watering treatment was considered to 
be a fixed effect and block was a random effect. Variance of random effects was estimated using 
restricted maximum likelihood in SPSS (v. 20, IBM, Armonk, New York). When differences were 
detected, a pairwise comparison was run to compare the mean values across the four watering 
treatments. Corolla diameter was natural log transformed to meet normality assumptions of the 
ANOVA.

RESULTS

The Effect of Watering Treatments on Soil Moisture 

Average volumetric moisture content (VMC) of the soil differed significantly among watering 
treatments (F3,240 = 720.2, P < 0.0001, Figure 2). Control Unsheltered plots were 2.7% drier than 
Control Sheltered plots (t212,240 = −3.80, P = 0.0002), whereas the soil moisture in No Rain plots was 
16.8% lower than the Control Sheltered plot (t212,240 = 18.52, P < 0.0001) and the soil moisture in the 
Double Rain plot was 6.3% higher than the Control Sheltered plot (t212,240= −6.94, P = 0.0001). Soil 
moisture declined significantly over the season (F5,240 = 35.2, P < 0.0001) and there was a significant 
interaction between watering treatment and date of sampling (F15,240 = 16.44, P = < 0.0001). 
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Figure 2. Average soil volumetric moisture content (% ± SE) across watering treatments.
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Responses of Floral Morphology to Water Availability

Changes in water availability may change the size and pollen reward provided by flowers, thus 
potentially changing the attractiveness of these flowers to insects. A multivariate ANOVA revealed 
that watering treatments significantly affected floral morphology (F9,209 = 12.51, P < 0.001).

Average corolla diameter differed significantly among the four watering treatments (Figure 3, 
Univariate ANOVA: F3, 88 = 20.96, P < 0.001). There was no significant difference in corolla diameter 
between plants grown under No Rain and Control Unsheltered conditions (Mean difference = 2.64 
mm ± 0.03, P = 0.86). Further, corolla diameter of flowers grown under Control Sheltered and Dou-
ble Rain conditions was not significantly different from each other (Mean difference = −0.041mm, 
P = 0.487). However, plants grown under No Rain and Control Unsheltered conditions tended to 
produce flowers with smaller corollas than plants grown under Control Sheltered and Double Rain 
conditions (e.g., Mean difference between the Control Unsheltered and Sheltered = 2.76 mm ± 0.03, 
P < 0.001; other comparisons had greater mean differences).
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Figure 3. Comparison of corolla diameter (mm) between treatments (log transformed mean ± SE, n = 240).

Similarly, stamen length differed significantly among the four watering treatments (Figure 4, 
Univariate ANOVA: F3, 88 = 22.42, P < 0.001). The stamen lengths of the Control Unsheltered and 
Sheltered treatments were not significantly different (Mean difference = 0.049 mm, P = 1.000). Sta-
men length was significantly shorter on plants grown under No Rain conditions than Control 
Unsheltered (Mean difference = 11.53 mm ± 0.22, P < 0.001) and stamen length was significantly 
longer on plants grown under Double Rain than Control Sheltered conditions (Mean difference = 
12.45 mm ± 0.30, P < 0.05).
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Figure 4. Comparison of stamen length (mm) between treatments (mean ± SE, n = 240).

Finally, the number of ovules differed significantly between watering treatments (Figure 5, F3, 88 

= 7.44, P < 0.001). Plants in No Rain plots tended to produce fewer ovules per flower than plants 
grown under other watering treatments (Mean difference of No Rain plants to: Unsheltered Con-
trol: 7.50 ovules ± 0.33, P = 0.035; Sheltered Control: 8.13 ovules ± 0.04, P < 0.001; Double Rain (7.87 
ovules ± 0.45, P = 0.003). However, there was no significant difference in the number of ovules pro-
duced by plants grown in Unsheltered Control, Sheltered Control or Double rain (P > 0.05).
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Figure 5. Comparison of mean number of ovules between treatments (± SE, n = 240).
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DISCUSSION
By imposing experimental watering treatments, we were able to successfully manipulate soil 

moisture (Figure 2). This led to predictable and significant differences in floral morphology be-
tween plants grown under the four watering treatments. We predict that floral attractiveness could 
change with consequent changes in floral morphology, and below we outline a research mandate 
for this question.

We predicted that floral traits should become smaller under dry conditions and larger under wet 
conditions compared to plants grown under control conditions10, 27. If a plant can produce larger 
flowers with more rewards (e.g., pollen), then it becomes more attractive to potential pollinators. 
Successful pollination will likely have a positive effect on fertilization and seed production. 

Differences in corolla size can change the probability that an insect will notice and visit the flow-
er; therefore environmental conditions that can affect the probability of insect visitation may have 
dramatic consequences for plant fecundity. Across the literature, corolla size is repeatedly correlat-
ed with water availability10-12. For instance, Frazee & Marquis12 found that, compared to controls, 
corolla diameter of Chamaecrista fasciculata decreased when plants experienced a low water treat-
ment. Although larger corollas can attract more pollinators27, higher pollinator visitation may be 
costly. They found that Mimulus ringens plants with larger flowers were more prone to geitonogamy 
(i.e., pollination of one flower with pollen of another flower of the same plant) than plants with 
smaller flowers. Increased geitonogamy increases selfing rates and, in plants that experience strong 
inbreeding depression, this can lead to reductions in plant fitness27. 

Surprisingly, plants grown in the Control Unsheltered plots had significantly smaller flowers 
than plants grown in the Control Sheltered plots. In fact, plants in Control Unsheltered plots pro-
duced small flowers, similar to those in the No Rain plots. In contrast, corolla diameter in the Con-
trol Sheltered plots produced relatively large flowers, similar to those in the Double Rain plots. We 
suspect that although the plants in the Control Unsheltered control plots had plenty of water from 
natural rainfall, plants in the Control Unsheltered plots experienced more evapotranspiration than 
those in sheltered plots and therefore the moisture environment of the Control Unsheltered plots 
was more similar to that of the No Rain treatment.

As expected, moisture had a significant and positive effect on stamen length. Similar results 
were obtained by Frazee & Marquis12 who found anther length to be significantly shorter in plants 
grown in a low water treatment as compared to a high water treatment. In Raphanus, differences 
in stamen length can attract different flower visitors28. Larger pollinators, such as honey bees or 
bumble bees, prefer flowers with a longer stamen such that the anthers are located higher above 
petals. In contrast, as smaller bees land on a petal, they can have more difficulty collecting pollen 
from a tall anther28. Therefore, the change in stamen length can lead to a more specialized pollinator 
requirement, thus reducing the total number of potential pollinators that can transfer pollen.

Finally, the number of ovules is directly related to how many offspring a plant can produce when 
there is successful and complete pollination. Thus, it stands to reason that a flower will produce the 
most ovules it can support, given the resources available. We predicted wetter environments would 
support more ovules per flower, whereas drier environments would support fewer ovules per flower. 
In our experiment, flowers grown in the drier environment did produce fewer ovules per flower 
than control populations. Similar results were obtained by Frazee & Marquis12; in drier conditions, 
C. fasciculata produced fewer ovules compared to plants grown with plenty of water29. While few-
er ovules means reduced reproductive potential, it can also mean that the plant will spend more 
energy on producing more viable seeds. On the other hand, a flower with more ovules can afford 
to produce one or two seeds per fruit that are less viable than the rest12. However, we found that 
plants grown in the wetter environment produced similar number of ovules per flower compared 
to the controls. Therefore, increased water availability did not increase floral fertility via ovules. 
Other plants show this insensitivity to variation in soil moisture as well. For instance, Trigonella 
coerulea revealed no significant difference between ovule production in either Double Rain or No 



 Volume 12 | Issue 2 | January 2015  70

American Journal of Undergraduate Research www.ajuronline.org

Rain conditions as compared to controls29. Our results suggest that ovule production on plants 
grown under control conditions was not limited by water resources, but may have been limited by 
other nutrients. Intriguingly, water availability seems to have a greater impact on those floral traits 
that affect male fitness (corolla diameter, stamen length) more than floral traits that directly affect 
female fitness (ovule production).

Plants grown under dry conditions had decreased flower size. Moreover, the scarcity of water 
also lead to decreased ovule production and we hypothesize may reduce pollen production via 
the concurrent reduction in anther size. Thus, we predict that dry conditions may have reduced 
the attractiveness and fitness of Raphanus plants. On the other hand, increased water availabil-
ity increased flowers size and stamen length (but not the number of ovules), thereby increasing 
traits normally associated with floral attractiveness but not their potential fecundity. Consequently, 
we predict that the plants grown under dry conditions spent less resources on petal and stamen 
growth in order to produce more viable (although fewer) seeds. 

Conclusion

Pollinator and insect communities are essential to the reproductive success of many plants30, 31. 
The effects of environmental change can influence this intricate interactive web, influencing both 
the plants and the insects32. In this experiment, watering treatments changed the environmental 
conditions of the plots, which in turn influenced the floral morphology of R. raphanistrum. As 
hypothesized, we saw the changes in traits normally associated with floral attractiveness as drier 
conditions lead to the development of smaller flowers. These changes can affect the reproductive 
success of the Raphanus, as pollinators rely on these floral cues when searching for flowers with 
high rewards (i.e. pollen and nectar). With the changes in floral morphology, we predict insect 
diversity and foraging behavior will also be significantly impacted.
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PRESS SUMMARY
As has been widely discussed recently, climatic conditions and specifically rainfall patterns, of our 
planet are changing dramatically. Changes in rainfall may alter the attractiveness of flowers to insect 
pollinators. We manipulated water availability (both increasing and decreasing soil moisture) and 
measured the consequences of water availability on flower size in an agricultural weed, wild radish. 
We concluded that increasing water availability may make flowers more attractive to insect visitors.
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