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ABSTRACT

Racks were introduced in 1959 by G. Wraith and J. Conway as a wreckage of groups, and have been
used in various topics of mathematics. In this project, we aim to establish certain classical results
known for subgroups on subracks.
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1. INTRODUCTION
The theory of racks' is strongly connected to the theory of conjugation in groups. Unlike groups,
racks are non-associative algebraic structures. They appear in literature under several names such
as automorphic set?, crystals® and left distributive left quasigroups*. Originally, racks were called
“wracks”® , and were described as groups in which the group operation is discarded and only the
concept of conjugation is left (see Example 2.2). A subrack of a rack is a subset that is a rack on its
own. In this paper, we provide a characterization of subracks. As a result, we construct particular
subracks of a given rack. In particular, we define the notions of the centralizer of an element in a
rack and the center of a rack . We also introduce the notion of dimension on racks. In section 4, we
apply these notions in two examples.
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2. RACKS

Let us recall (see® and’) a few definitions.

o A Rack (R, o, 1) is a set R with a binary operation o and a specific element 1 € R such that the
following conditions are satisfied:

l.xo(yoz)=(xoy)o(xoz) (n
2. for each x, y € R, there exits a unique a € Rsuchthatxoa =y  (1.2)
3.]ox=xandxol=1forallxeR (1.3)

In addition to these properties,
o A rack R is involutive if it further satisfies xo (xoy) =y forallx, y €R.
o A rack R is abelian or trivial if it further satisfies xoy=yforallx, y €R.
o A rack R is a quandle if it further satisfies x o x=xforallx € R.
o A Kei is an involutive quandle.
o The order of a rack R (denoted |R|) is the number of elements of R.
o Let R, R'be pointed racks. A function @ : R — R'is said to be a homomorphism

ofracksif a(x,0x,)=a(x)oa(x,) forallx,,x,€R,anda(l)=1.

Example 2.1
The following is a kei known as the Takasaki Kei T = {0, 1, 2, 3, 4, 5} of order 6 with operation
xoy=2y—xmod 6. Its Cayley table is given by

0 213 (4|5

Ul AN|[wWinv|[~[D |0
~N | N[ W AN |[W» |
WlIR [ O~V |~
N[ S~ |WwW N
~N | RN |[W AN |[W» | O
WA [ | ||~
N[ S~ |IN|WwW N

Example 2.2
1

A group G endowed with the operation o defined byxoy =xyx~
is a quandle (pointed by 1 € G) called the rack associated to the group G.
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Example 2.3

Consider the dihedral group D, = {e, a, b, aba, ab, ba} of order 6 consisting of 3 reflections a, b and
aba, and 3 rotations e, ab and ba. Its Cayley table is provided below on the left. We construct the
rack (call it D,) associated to the dihedral group D,. With the notations ¢ := aba, d :=ab, f:=ba
we provide below the Cayley tables:

olelalblcld]|f olel|lal|b|c|d|f
elel|lal|b|c|d|f elel|lal|b|c|d|f
alale|d| f|Db]|c alel|lalc|b|f|d
b|b|flel|ld]|c]|a blelcl|blal|f|d
clc|d|flel|lalb clel|blal|lc|f|d
dld|clal|b|f]e dle|blcl|lal|d]|f
flflblclalel|d fle|lclalb|d|f
The Dihedral group D, The Dihedral rack D,

Note that D is a non involutive quandle since do (doc)=doa=b#c

Proposition 2.4

The rack associated to a cyclic group is abelian.

Proof. Let G be a cyclic group and R = (G, o) the rack associated to the group G.

Letx, y € R, we need to show thatxoy =y
ka'a

k+l+—k

! 4=k

xoy=a
=a
= al
=Y
3. SUBRACKS

Recall that for a pointed rack (R, [, —], 1), a non empty subset S C R is called a subrack if I € Sand
(S, o, 1) has a pointed rack structure.

The following is a characterization of subracks.

Theorem 3.1

A non empty subset S of a (pointed) rack (R, o, 1) is a subrack if and only if the following are satisfied:
1. 1 € S If the rack is pointed
2.8 is closed under the binary operation o
3.Foralla,beR, aobe Sanda € Simpliesb € §

Proof. Assume that S is a subrack of R. Then 1. and 2. are satisfied as S C R. To show 3., leta, b € R
witha € Sand a o b € S. We need to show that b € S. Set c:=a o b. Sincec € S,a € Sand Shasa
rack structure, there exists a unique x € S such that a o x = ¢. This means thataox=a o b.Sox=>
by uniqueness in (1.2). Thus, b € §. Conversely, assume that 1., 2. and 3. are satisfied. To show that
S is a subrack, it remains to show (1.2). For this purpose, leta, b € S. Since S C R, a, b € R. So there
exists a unique x € R such that a o x = b by (1.2) for R. So a o x € S. Now since a € S, it follows by
the hypothesis 3. that x € S. It is sufficient to take ¢ = x to complete the proof.

Now we prove several results on subracks using this characterization.

AJ[]R Volume 12 | Issue 2 | January 2015 21




American Journal of Undergraduate Research www.ajuronline.org

Proposition 3.2

The set theoretical intersection of subracks of a rack R is either empty or a subrack of R.

Proof. Let {Si}; < ; be a family of subracks of R. If R is pointed, then 1 € (i S;as 1 € S, for all

i € I. If R is not pointed, then assume ()ic; S; # @. Now forall a, b € it S; i.e.a, b € S, forall
i€l,wehaveaobe S, foralli€ I. Thusao b € ()i S,. Finally,ifa o b € .S;and a € S, for all
i € I, we have b € S, for all i € I by Theorem 3.1. Therefore b € ()ic; S The result follows by
Theorem 3.1.

Definition 3.3

Let R be arack and M a subset of R. The subrack of R generated by M is the intersection of all
subracks of R containing M. It is therefore the smallest subrack of R containing M. In particular,
if M is a subrack, then it generates itself.

Definition 3.4
A basis of a rack R is a minimal subset of R generating R. Its size is called the dimension of R.
Example 3.5

The Takasaki Kei ¥ and the Dihedral rack ®, are both racks of order 6, but their dimension is 2
(see section 4).

The following theorem is analogue to Lagrange’s theorem in group theory.

Theorem 3.6

For a rack R, the dimension of any subrack .S of R is at most the dimension of R.

Proof. The proof is straightforward since a basis of .S is a subset of some basis of R as .S C R.
Theorem 3.7

Every (pointed) rack has an involutive subrack.

Proof. Let K= {a € Rlao (aox)=xVx € R} Clearly, K C R. Also by (1.3),

lo(lox)=1lox=xforallx € K.So 1 € K. Leta, b € K. Then by (1.1) successively,
(@aob)o((@ob)yox)=((aob)o(aob)o((aob)ox)
ao(bob) o(@ob)o(ao(aox)
ao(bob) o ao(bo(aox)
=qgo(bob)o(bo(aox)
=aobo(bo(aox)

=ao(aox)

= X.

Soa o b e Kand K is closed under the operation o. Now Let a, b € Rwithao b€ Kanda € K.
Then b = a o (a o b) € K since K is closed under the operation o. The result follows by Theorem 3.1.

The following are analogue to the centralizer of an element and the center of a group.
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Proposition 3.8

Let R be a (pointed) rack and u € R. Then
C,={x€Rluox=x}

is either empty or a subrack of R.

Proof. If R is pointed, it is clear that 1 € C,asu o 1 = 1 by (1.3). If R is not pointed, then assume
C,#@andletx, ye C,.

uo(xoy)=@ox)oWoy =xoy
So C, is closed under the binary operation. Now Let x o y € C, with x € C,
xoWoy)=@wox) ooy =uo(xoy =xoy

By the uniqueness (1.2), u o y = y and thus y € C,. The result follows by Theorem 3.1.

Definition 3.9

C, is called the centralizer of u.

Corollary 3.10
Let R be a rack. Then

Z(R)={x€ Rlaox=x,Ya € R}
is either empty or a subrack of R.

Proof. If R is pointed, it is clear that 1 € Z(R) asu o 1 =1 for allu € R. If R is not pointed, then
assume Z(R) # @. Then Z(R) = [ uer C. because

x€ZR)ouox=x forallu e R
S xeC, forallueR
s xe()C.

ueR

The result follows by Proposition 3.8 and Proposition 3.2.

Definition 3.11
Z(R) is called the center of R.

Remark 3.12

The normalizer of a subrack .S of rack R is the subrack itself. Indeed as in group theory, the normal-
izer of S would be defined by

N.(S)={a€Rluoac S, Vue S}
But it turns out that .S C 9, (S) since S is closed under the rack operation o. Also for a € 9,(S),
uoaec Sforallu € S. This implies that a € .S as S is a subrack of R. Hence 9t,(S) = S.
Proposition 3.13
Let R, R'beracks and ¢ : R — R'arack homomorphism. If R' is pointed, then the set
K,={xeR/px=1}

is a subrack of R.

Proof. If Ris pointed, 1 € K,as ¢(1) = 1. Letu, v € K, i.e. pu)=1and ¢@®) = 1. Then ¢(a o b) =
P@opb)=1o0ol1=1.Soaobe K,.Nowleta,b € Rwithaobe K,and a € K,. Then ¢(b) =1
o @(b) = @(a) o @(b) = @(a o b) = 1. This implies b € K,,. The result follows by Theorem 3.1.
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Definition 3.14

K, is called the kernel of the rack homomorphism ¢.

Proposition 3.15

Let R, R' be (pointed) racks with R' involutive. Let ¢ : R — R' be a homomorphism. Then the
image of ¢

Imp = {p(x), x € R}
is a subrack of R

Proof. If R and R' are pointed, the 1 € Im¢ because 1 = ¢(1). Let y;, y, € Imgp i.e. y; = ¢(x;) for
some x; € R and y, = @(x,) for some x, € R. Then y, o y, = @(x)) 0 P(x2) = P(x; 0 x,) € Im. So
Imq is closed under the operation o of R. Now let y;, y, € Rwith y, o y, € Im@ and y, € Im@. We
need to show that y, € Im@. Indeed y, = @(x)) and y; o y, = @(z) for some x;, z € R. Since R'is
involutive, we have

y2=yi0(yioy) =y oz =¢xl) o ¢z) = ¢(x, 0 2) € Img.
The result follows by Theorem 3.1.

4. EXAMPLES

Example 4.1
The following are the Cayley tables of the subracks of the Takasaki Kei T of Example 2.1.

So= {0} S, = {2} S, = {4}
S = {1} S5 = {3} Ss = {5}
o| 0|3 ol 0| 2|4
S, 0 S 0101|412
9
31313 21411210
412110 4
o| 1| 4
S|1]1]1 o| 1|35
4| 4| 4 11|53
S]O
315|131
513|115
S, 2
Sn =Z
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Remarks 4.2
1. & has exactly 11 subracks.
2. All the subracks of € are also Takasaki Keis of lower order.
3. The dimension of Sy is 2 as .Sy has basis either of the subsets {0, 2}, {0, 4} or {2, 4}.
4. The dimension of S}y is 2 as S| has basis either of the subsets {1, 3}, {1, 5} or {3, 5}.
5. The dimension of € is 2 as € has basis either of the subsets {s, r}, with s € {0, 2, 4} and {1, 3, 5}.
6. The center of T is empty.
7. The centralizers are as follows: C, = {0}, C, = {1}, C, = {2}, C; = {3}, C, = {4}, Cs = {5}

Example 4.3
The following are the Cayley tables of the subracks of the Dihedral rack
D, (Example 2.3).

So = {e} S> = {b} Sy = {d}
S, = {a} S5 ={c} Ss={/}
ole|a ola|b|c
S|le|e|a alal|lc|b
6 S]2
alela c|b|a
c|b|alc
i ole|b oleldl s
7 ¢ g lele d| f
e | b 13
dle|d|f
fleldl|f
ole|c
S;lelelec ole|al|b|c
clele elel|lal|b|c
ale|lal|lc|b
S14
olel|d blel|lc|bl|a
S| e|e|d c|e a|c
e|d olal|blc|d]|f
alalc|b|f|d
°olelf blelblalfla
Solelelf g L¢ blal|lc|f|d
flelf STalnlelalaly
flclalb|d]|f
ol|d| f
Syld|d]|r Si6= D
fldalrs
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Remarks 4.4
1. The center of D is .Sj.
2. The rack D, has exactly 17 subracks.
3. Every subrack of D, is involutive except Sjsand D, .
4. The centralizers are as follows: C, = D5, C, = S, Cy = 57, C. = S5, Cy = Si3, Cr = Sis.
5. The subrack S}, is the Dihedral rack ®; of order 3.
6. The only non abelian subracks of D¢ are S, Sis, Sis and De.
7. The dimension of S}, is 3 as .S}, has basis the subset {e, a, b}.
8. The dimension of S5 is 2 as S5 has basis the subset {a, d}.

9. The dimension of Dy is 3 as D has basis either of the subsets {e, s, r} with s € {a, b, c}
and r € {d, f}.

Remark 4.5

In group theory, Lagrange’s theorem states that for a group G, the order of any subgroup H of G
divides the order of G. This statement is not true for racks. As a counterexample, S, is a subrack of
the Dihedral rack ® above, but |:S\s| = 4 does not divide 6 = |Dy|.

Remark 4.6

The set theoretical union of two subracks is not a subrack. As a counterexample, Ss and S}; are
subracks of the The Dihedral rack D, above, but S | J i3 is not a subrack of Ds.

Remark 4.7

One can check that the map ¢ : T — D, defined by:
?0) =a, PQ) =c, P@) = b,
o) = b, P(3) =a, 95) =c.

is a rack homomorphism.

Its image is Im@p = .S),.
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PRESS SUMMARY

The theory of racks is strongly connected to the theory of conjugation in groups. Roughly, racks are
described as groups in which the group operation is discarded and only the concept of conjugation is
left. In this paper, we investigate and introduce on racks some notions well-developed in groups, and
apply those notions in a few examples.
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