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ABSTRACT

In this paper, we study matricial representations of certain finitely presented groups I'4; with N-generators of order-2. As
an application, we consider a group algebra A5 of I'3, under our representations. Specifically, we characterize the inverses
g~ ! of all group elements g in I'Z, in terms of matrices in the group algebra A;. From the study of this characterization, we
realize there are close relations between the trace of the radial operator of A, and the Lucas numbers appearing in the Lucas
triangle.
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INTRODUCTION
In this paper, we consider certain finite-dimensional representations (C™, a™) of a finitely presented group:
2 def 2 2 .
I'y = <{.1:17...,$N},{3;‘1:...ZmN}>, Equation 1.
where the generators z1, ..., zy are indeterminants. Precisely, the algebraic structure I'%; is the group generated by N-
generators 1, ..., £ equipped with a noncommutative binary operation (Denoted by adjacency), satisfying
xfzx%z...:xﬁv:@v, Equation 2.

where ey is the group-identity of I'3;. One may understand a group I'%; as the quotient group,

Grou;
r3 =P fN/{gJQ- = e : g; are generators of Fn }, Equation 3.

where Fy is the noncommutative (non-reduced) free group <{gj }jV:1> with N generators g1, ..., gn, where e is the group-
. . Grou, . .
identity of the free group Fy, and “ =" means “group-isomorphic to.” -2
By construction, all elements g of the group I'%; are of the form,

g= xfllej . .xf:, for some i1, ...,i, € {1,...,N}, and kq,...,k, € Z, Equation 4.

. _ . _ N

as non-reduced words in {1, ..., zx}, where 5 ! means the group-inverse of x;, and hence, T * means (:rj 1) , for all

k € N, for all j = 1,...N. In this paper, for an arbitrarily fixed N € N, we establish and study certain n-dimensional

Hilbert-space representations (C", a™) of the groups I'%;, for all n € N\ {1}. Under our representations, each element g of
k1 ki
oy,

word in T'%), then there exists corresponding matrices A;,, ..., A;, such that A, = Af* ... Af" € M, (C) (as a reduced

I'%; is understood as a matrix A, acting on C™, for n € N. Moreover, if g = as in Equation 4 (as a non-reduced

word in M,,(C)), where M,,(C) is the matricial algebra consisting of all (n x n)-matrices, for n € N.
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Motivation
Here we justify our interest in the groups I'%;, for N € N.

Free probability is a branch of operator algebra. By considering free-distributional data, one can establish operator-valued
noncommutative probability theory on (topological or pure-algebraic) algebras as in classical probability theory.** Also,
such free-probabilistic data allow structure theorems for given algebras under free product, determined by given linear func-
tionals. Here, the independence of classical probability is replaced by freeness. There are two approaches in free probability
theory: Voiculescu’s original analytic approach,* and Speicher’s combinatorial approach.?

The author, Cho, has considered connections between operator algebra theory and Hecke-algebraic number theory via free
probability, to provide tools for studying number-theoretic results with operator-algebraic techniques, and vice versa, by
establishing certain representational and operator-theoretic models from combinatorial free probability settings.?

In a series of research papers, Cho considered the free-probabilistic representations of the Hecke Algebras 7(G),) generated
1,2,5

by the generalized linear ((2 x 2)-matricial) groups, G, = GL2(Q,), over the p-adic number field Q, for prime p.
Cho and Gillespie established free probability models of certain subalgebras Hy, of the Hecke algebras #(G),) by defin-
ing suitable linear functionals on #(G,). In particular, they constructed free-probabilistic structures preserving number-
theoretic data from Hyp.s

Cho extended certain free-probabilistic models of Hy,, to those of H(G),) fully, for all primes p.>® On such models, the
C*-algebras H(G),) were constructed by realizing elements of H(G),) as operators under free-probabilistic representations of
H(Gp), and the operator-theoretic properties of generating operators of H(G),) were studied there.

By studying certain types of partial isometries of H(G),), Cho obtained the embedded non-abelian multiplicative groups G
of H(G),) generated by N-many partial isometries.! In particular, it was shown that

Group

Gn F?V, forall N € N, Equation 5.

where I'%; is in the sense of Equation 1, satisfying Equation 3. To study detailed algebraic properties of Gy in H(G)), and
to investigate operator-algebraic properties of C* (G y) in H(G,,), he used the isomorphic group I'%; of Equation 1, and the
corresponding group C*-algebra: C* (I'}).

In this paper, we study the groups I'%; of Equation 1 pure-algebraically (independent from our sources). 1

Overview

In this paper, we concentrate on studying the groups I'%; of Equation 1 independently. The main purpose is to establish
suitable Hilbert-space representations of I'4; other than those established in our sources.! Fundamentally, we construct
finite-dimensional Hilbert-space representations (C", a™) of I'3,, for all n € N\ {1}.

Under our representation (C",a") for n € N, each group element g € I'%; is understood as a matrix A, in the matricial

algebra M,,(C). To study an algebraic object g € '3, we will investigate functional properties of the corresponding matrices
Ay € M, (C), forn € N.

As application, we consider a group algebra As of '3, under our representations. Specifically, we characterize the inverses
g~ ! of all group elements g in '3, in terms of matrices in the group algebra A generated by I'3.

From the study of this characterization, we show that there are close relations between the trace of the powers 7" of the
radial operator T" of A3, and the Lucas numbers in the Lucas triangle.
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FINITE-DIMENSIONAL REPRESENTATIONS OF I'},

In this section, we establish finite-dimensional Hilbert-space representations of the finitely presented groups I'%; with N
generators of order-2 in the sense of Equation 1: T, = ({z;}}_, {27 = ex}}_,), where 1, ..., x; are noncommuta-
tive indeterminants (as generators), and ey is the group identity of I'5;. Fix N € N throughout this section and fix the

corresponding group I'%.. Denote by Iy the identity matrix in My (C)

A Matrix Group M3(N)
Let M5(C) be the (2 x 2)-matricial algebra, and let C* = C \ {0}. Denote by C x C* the Cartesian product of C and C*.
Define a function

b
Ay :CxC* = M5(C) by As(a,b) = ( 1fLa2 ) Equation 6.
—a
for all (a,b) € C x C*.
Lemma 1. Let A be the map in the sense of Equation 6. Then
(AQ (a, b))2 =1 Equation 7.
forall (a,b) € C x C*.
Proof. The proof is straightforward computation. I
It is also easy to verify that:
a1a2b2+b1—b1a§ b b
- — a1b2 — biaz
A2 (a17 bl) AQ(CLQ’ b2) - < azbzfazbga%fa1b1+a1b1a§ bszgaeralagbl )
b1bs b1
b27b2a?+a1a2bl b
_ BT 1a2 — aiby )
Ay (az,b2) As(ay,by) = < —agbatasbra+arbr—arbia?  ajasba+by —byal ) Equation 8.
b1b2 b2
and hence,
A2 (al, bl) AQ (ag, bg) # A2 (CLQ, bg)AQ(Ql, bl) Equation 9.

in general, for (ag,b;) € C x C* and k = 1,2. In particular, whenever (ax, b;) € C* x C*, for k = 1,2, and the pairs
(a1,b1) and (az, be) are distinct in C* x C*, the above noncommutativity Equation 9 always holds. Therefore, the image,
{A2(a,b) : (a,b) € C* x C*}, forms a noncommutative family in M5(C), by Equation 9.

Now, take distinct pairs,
(ag,bp) € C* x C*, fork=1,...,N. Equation 10.

One can construct the corresponding matrices,
As(ag,by) € My(C), fork=1,...,N, Equation 11.

by Equation 6. Under the matrix multiplication on M(C), let’s construct the multiplicative subgroup % (N) of My (C)
as
Sﬁg (N) = <{A2(ak7 bk)}kN:1> Equation 12.

generated by As(ag, by), forall k = 1,..., N. Then all elements of 93 (V) are the (2 x 2)-matrices in M>(C), satisfying
(As(ay, b/f))2 =1 € WS(N), Equation 13.

forallk =1,..., N, by Equation 7.
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Definition 1. Let M3 (N ) be the multiplicative subgroup of Mo (C), as defined in Equation 12. We call I3 (N ) the 2-dimensional,
order-2, N-generator (sub-)group (of Mz (C)).

One obtains the following algebraic characterization.

Theorem 2. Let M%(N) be a 2-dimensional, order-2, N-generator group in Ms(C). Then the groups M3 (N) and the group I';

of Equation 1 are isomorphic:

G
93?% (N) = F?\/- Equation 14.

Proof. Let 9M%(N) be a 2-dimensional, order-2, N-generator group in Mz(C). Then, by Equation 13, each generator
As(ag, by) satisfies (As(ag, bk))2 = I, forallk=1,...,N.

Since (ag, by,) are taken from C* x C*, the generators {As(ay,bx)}_; form a noncommutative family in M»(C), by
Equation 9.

Observe that there does not exist an n-tuple (j1,. .., j,) of distinct elements j1,. .., j, in {1,..., N} such that

ll;IlAz (akjl , bkiz) = Ay (a;% R bk]’o) , Or ZE1A2 (ak].l R bkj;,) =15, Equation 15.

for some jo € {1,..., N}, by Equations 6 and 9. These observations show that 3 (N) orovp Fn/Rn, where Fy is the

noncommutative free group ({g;}/_,) with N-generators g1, ...,gn, and Ry is the relator set, Ry = {g7 = e},.

Recall that the group I'4; of Equation 1 is group-isomorphic to the quotient group Fn /Ry, by Equation 3. Therefore,

one has that . .
Dﬁg(N) =" ]:N/RN =P F?\]- Equation 16.

The 2-dimensional, order-2, N-generator group 93 (N) is group isomorphic to the group I'4; of Equation 1. I
The groups M3(N) and I'%; are isomorphic to each other. Equivalently, there exists a group isomorphism a2 : '} —

IM3(N), satisfying
a? (z;) = Az (aj,b;), forallj=1,...,N. Equation 17.

The above structure theorem provides a 2-dimensional Hilbert-space representation (C?, a?) of I'}.
Theorem 3. There exists a 2-dimensional Hilbert-space representation (C?, o?) of I'%.. Additionally, o* (g) acting on C? are in

the sense of Equation 17, for all g € T'%.

Proof. Since o of Equation 17 is a generator-preserving group-isomorphism from I'%; to 93 (N), it satisfies

a? (g192) = o (91) ® (g2) € M3(N) for all g1, g5 € T
a®(g7") = (a®(g)) ' € M(N) forall g € T,

Since M3(N) C M, (C), the matrices a? (g) are acting on C?, for all g € I'}. Therefore, the pair (C?, o) forms a Hilbert-
space representation of I'4.. il
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Certain Order-2 Matrices in M,,(C)

Now, let n > 2 in N and consider certain types of matrices in M,,(C). In the previous section, we showed that our group
I'% of Equation 1 is group isomorphic to the multiplicative subgroup 9M%(N) of Equation 12 and hence, we obtain a
natural 2-dimensional representation (C?, a®) of I'};. In this section, we construct a base-stone to extend the representation
(C%,0a?) to arbitrary n-dimensional representations (C", ™) of I'Z, for all n € N\ {1}. To this end, we fix the matrices
As(a, b), defined in Equation 6, for use as blocks of certain matrices in M,,(C). For our main purpose, we always assume that

a,b) € CX, x C*, whenever we have matrices As(a,b) in the following text, as in Equation 10, where CX “f ¢ \ {0,1}.
1 g q 1

First take n = 3, and consider a matrix A3(a, b, ¢) defined to be

1 c —be
l—a
As(a,b,e) =1 0 a b € M;(C), Equation 18.
0 =2 4
b

€ M3(C). Equation 19.

By straightforward computation, one can obtain

As(a,b, 0)2 =13 = Equation 20.

o O =
o = O
= o O

Define a morphism A; : CX| x C* x C* — M;5(C) by

M (e )

) A2 (CL, b)

Equation 21.

By Equation 20, for any (a,b,¢) € C% x C* x C*, we have (43(a,b,c))> = Is. Now let n = 4 and consider a matrix
Ay(a, b, c,d) defined by

1o d
01 c X )
A4(a, b,c, d) = 0 0 ba € My ((C), Equation 22.
a
1—a?
0 0 —a

b

for a,b, c,d € C*. Similarly, this matrix A4(a, b, ¢, d) is regarded as the block matrix,

® (0 d )

0
Ay(a,b,c,d) =
B ) 0 As(a,b,c)
0
d —bd
Iy e .
Ay = c 1= . Equation 23.
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in M4(C), where O,, ,,, 1s the (n x m)-zero matrix. Then, by the direct computation, one obtains that

Ai =1 Equation 24.

Similar to Equation 22, we define a morphism A, : CX| x (C* )3 — My (C) by

IZ Qab(ca d)
As(a,b,c,d) = ’ Equation 25.
4((17 , C, ) (OQ,Q Ag(a, b) s quation
where
d =bd
Qap(c,d) = < 1:;,? ) . Equation 26.
¢ 1-a

The image A4(a, b, ¢, d) is a well-defined matrix in M4(C), by Equations 22 and 23. Moreover, by Equation 24, we have

(Ag(a,b,¢,d))? = I € My(C). Equation 27.

Let’s consider one more step: let n = 5. Similar to the above, we define the following map. A5 : C| x (C* )4 — M5(C) by

I3 Qay.a0(as,; as, as)
A e, = Lz ATer TR , Equation 28.
5 (Cll QS) < 02’3 Az(ah a2) quation

for all (ay,...,as) € (C*)°, where

as  TEE
Qaha? (ag, ay, a5) = ay %{a} . Equation 29.
as _1(1722113
Equivalently,
1 0 0 ay _1[172;15
0O 1 0 aq 71(172;14
A5(a1, ceey a5) = 0 0 1 as _11172;13 € M5((C) Equation 30.
0O 0 0 a1 as
000 54 g
From direct computation, one again obtains that
(A5(a1,...,a5))2 = I5. Equation 31.

Inductively, for n > 3, we define the following map A,, : C* x (C* )"t = M,(C), by

I’rL—2 Qa a (CL3 an)
A, (ay,...,ap) = Dz A , Equation 32.
(@ ) ( O2.n—2 As(ar, az) dration

forall (ay,...,an) € (C*)", where Az (a1, as) is in the sense of Equation 6, O ,,_» is the (2 x (n — 2))-zero matrix, I,,_»
is the (n — 2) x (n — 2) identity matrix, and

—asan
An 1—as
Qal,az (a3, ceey an) = : _a'za3 . Equation 33.
a4 1—aq
—asa3
as 1—ay

Then we obtain the following computation.
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Theorem 4. Let A,, be the morphism Equation 32, and let A, (a1, ..., ay) be the image of A,, realized in the matricial algebra

M,,(C), for fixedn > 3 in N. Then
(An(ala s an))2 = 1Ip,

the identity matrix of M,,(C).

Proof. Let n > 3 be given in N.
By Equations 20, 27 and 31, we have (A (aq, ... ca))? = I, € My(C), for k = 3,4, 5.
Now, without loss of generality take n > 6 in N. Then

In72 Qal,az(a?n bS] an) )

An yeeeyUn) =
(a1 ¢ ) ( Oz,n—z Az(al,az)

For convenience, we let

denote
I ="1,_

denote

Q = Qa1,a2(a‘37"'7a’n)
denote

0 = OQ,n—Z

A degte A2 (al, az)

So
< r @ ) denote An(a, ... ap)

O A
I Q I Q
O A O A
I’+Q0 IQ+QA
OI + A0 0Q + A?

as a block matrix in M,,(C). Then

by Equation 7. So, to show Equation 34, it is suflicient to show that Q@ + QA = O,,_2 5.

Equation 34.

Equation 35.

Equation 36.

Equation 37.

Equation 38.
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Notice that

—asan,
an 1—0.1
a a2
QA = ,
—asay 1-ay —ay
L az
—azas
a3 1—(1.1
—asan(1—a}) aiaszan,
aran + az(l—ay) azan + 1—ay
—agag(l—af) ajaszas
ala& + ag(lfal) a2a3 + 17(11
—, oG (1 + 13;1
= . Equation 39.
— 14+ -2
asz azas Ta
Thus,
—asa _ a
an  FEE n - @20n (1 + 1*01)
Q+QA=| : + :
p —azasz a
a3 g, —az  aa3 (1 + 1721)
—1 aq
0 asay (—kal + 1+ 17@)
—1 aq
0 asasg (71_% +1+ 1_a1)
0 0
0 0
= On72,2, Equation 40.

So, for any n > 6,

n-Dimensional Hilbert-Space Representations of I'4;

Equation 41.

Fix N € Nand n € N\ {1}. Let I'% be our finitely presented group as defined in Equation 1. For the fixed n, we take the

n-tuples

Wy = (ak,h . ,akvn) S C~><1 X (Cx)nil s

for k = 1,..., N, and assume that W1, ..., Wi are mutually distinct.

Equation 42.

. . C e -1
Observation and Notation As we assumed above, let W1, ..., W be mutually distinct in CX, x (C*)"™ " . For our purposes,
one may further assume that these mutually distinct n-tuples satisfy W, 2 W in the sense that a;; # a;; € C*, for all

I =1,...,N. If the n-tuples W7, ..
are strongly mutnally distinct. Define the corresponding matrices,

In—2

Xk deg)te An (Wk) _ ( o
2,n—2

Qak,l,ak,Q (ak737 ooy ak,n)
As(ak,1, ak,2)

., Wi satisfy the above stronger condition than the mutually-distinctness, we say they

) , Equation 43.

AJIR Volume 14 | Issue 3 | November 2017

52



American ]ournal of Undergraduate Research www.ajuronline.org

as in Equation 32, where W}, are strongly mutually distinct n-tuples of Equation 42, forall k = 1,..., N.

Then, one can create the multiplicative subgroup M2 (N) of M,,(C) from the (reduced) free group generated by {X1, ...,
Xy} M (N) = ({X;}L4) € Mn(C).

Definition 2. We call the multiplicative subgroup M2 (N) of M,,(C), an n-dimensional, order-2, N-generator (sub-)group (of
M, (C)).

Then, similar to the proof of the structure theorem Equation 14, one can obtain the following generalized result.

Theorem 5. Letn € N\ {1} and M2 (N) be an n-dimensional, order-2, N-generator group in M,,(C). Then

Grou,
Wi(N) =7 F?V- Equation 44.

In particular, there exist generator-preserving group isomorphisms o™ : T4, — M2 (N), such that
a” (z) :Xj,forallj =1,...,N, Equation 45.

; 2
where ;s are the generators of I'},.

Proof. Let n = 2. Then, by Equation 14, the isomorphic relation Equation 44 holds. Assume now that n > 3. Then the
proof of Equation 44 is similar to that of Equation 14. Indeed, one can show that 92 (V) oo N/Rn v I'%;, for all
n € N. Therefore, there exists a natural generator-preserving group-isomorphism a™ from I'4; onto 92 (V) as in Equation

45. 1

This structure theorem is the generalized result of Equation 14. And the group-isomorphism o™ of Equation 45 generalizes
o? of Equation 17. We obtain the following theorem, generalizing Equation 3.

Theorem 6. Let I'%; be the group defined in Equation 1, for some N € N. Then there exists an n-dimensional Hilbert-space
representation (C™, a™) of I'%;, where o™ are in the sense of Equation 45, for alln € N\ {1}.

Proof. If n = 2, as we have seen in Equation 3, there exists a 2-dimensional Hilbert-space representation (C?, a?), where
a? is the group-isomorphism in the sense of Equation 17.

Suppose n > 3 in N. For such n, two groups '3, and 92 (V) are isomorphic via a group-isomorphism o™ : I'3, — 92 (N)
of Equation 45, by the previous theorem. It shows that the images a"(g) are (n x n)-matrices acting on the n-dimensional
Hilbert space C". So, the pair (C", a™) forms an n-dimensional representation of I'4, for alln € N. |

The above two theorems show that, for the fixed group I'%, one has a system {(C™, ™)}, of Hilbert-space representations,
and the corresponding isomorphic groups {92 (N) }2022, acting on C".

Example 1. Let '} be the finitely presented group, I'3 = ({x1, 32}, { = 23}). Fix n = 3. Now, take the following strongly
distinct triples, W1 = (t1,ta,t3), Wa = (81, 82, 83), in CZ| x (C* )2, and construct two matrices,

]. tg %2:13 ]. S3 718_725513
A3(Wl) = 0 131 23 y AB(W2) = 0 S1 52 s Equation 46.
42 _s2
O 1 t2t1 _tl 0 15721 -5
in M3(C). The group IN3(2) is established as the reduced free group ({ Az(W1), As(Wa)}) generated by As(W1) and As(Ws) in
Group

M;3(C). Then M3(2) =" T3

So, one has a natural 3-dimensional representation (C*, o*), where o is the group-isomorphism satisfying o® (x;) = As(W)), for
alll =1,2.
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APPLICATION: A GROUP ALGEBRA A, INDUCED BY I3

In the previous section, we showed that the finitely presented group I'4; has a family of finite-dimensional Hilbert-space rep-
resentations {(C",a™)} ~_,, since it is group-isomorphic to n-dimensional, order-2, N-generator groups M2 (N) in M,,(C),
forall n € N\ {1}, where M2(N) = ({A4,(Wi)}1_,) € M,(C), and where W1, ..., Wy are strongly mutually distinct
n-tuples of C%| x (€)' forn e N\ {1}.

Algebraic Observation for Group Elements of I'3
In this section, we concentrate on the case where N = 2, studying the group elements of I'3 in detail. As a special case of
Equation 44,

T1,Ts2}, 2?2 =al= est) = I? Gr;uP M2(2). Equation 47.
1 2 2 2

Consider I'} pure-algebraically. Each element g of I'3 has its expression,

ki .
g=ai'zl? .z forsomen €N, Equation 48.
. . . . : denot
as in Equation 4, for some (iy,...,4,) € {1,2}", and (k1,...,k,) € Z". However, by the relation on '3, 2% = ¢ “="°

ea = 23 € '3, one has that xl_l =xy,forl = 1,2, and xl%‘”'l = xy, for all k& € N. In other words, the generators z1 and @2
are self-invertible, and indeed of order-2, in I'. The above two conditions in can be summarized by

:EZQ”H =uxy, forl = 1,2, and forn € Z. Equation 49.

So, the general expression of Equation 48 of g is in fact
g=1TjTjy - Ty, € Fg, Equation 50.
for some (ji,-..,jn) € {1,2}", n € N, by Equation 49.
. . Grou, .. .
By the characterization, I ="' F,/Rj, and by the definition of the noncommutative (non-reduced) free group Fs, the

expression Equation 50 of ¢ goes to
€ = €2

T1 Equation 51.

inT['% foralln € N.

Proposition 7. Let g € I'3. Then g is only one of the forms in Equation 51.

Proof. Let g € I3\ {e,x1,22}. Say, g = x1227122 . .. m12921. Then it is self-invertible. Indeed,

¢’ = (129210221 ) (T122...21T221)

2
= T172...01X2 (331) L2...01X2T1
= X122...01T2€T2...T1T2X1

= T1T2...21 (SC%) L1...1X2X1

=e. Equation 52.
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So
((xll’g)nfl)Z =e, for all n € N. Equation 53.

Similarly, one obtains

((zom1)"22)? = €, forall n € N. Equation 54.

1

Now, let g = 21297175 ... 2179 € ['3. Then g7! = 29wy 2921...2071, With |g| = !g_1| € N, where |w| means the length of

the word w € I'2. Indeed, g9~ = (2172 ... 2122) (221 ... T221) = €. So, one has that
(z122)™) " = (za21)", Equation 55.

and equivalently,
(($2$1)H)71 = (z122)", Equation 56.

foralln € N. 1

Proposition 8. Let g € T3\ {e}, and let |g| be the length of g in {x1, 22} in T3.

1. If|g| is odd then g~ = g in T'3.
2. If |g| is even then g = (z122)F, or (x921)¥, and g=' = (wo21)F, respectively, (x122)F, for some k € N.

Proof. Suppose |g| is odd in N. Then, by Equation 51, the group element g is one of x1, za, (z122)"x1, or (z321)" 22, for
n € N. By Equation 53 and Equation 54, in such cases, g = e € I'3. So, the first statement holds.

Now, assume that |g| is even in N. Then, by Equation 51, this element g is either ((E1l‘2)k, or (wax1)¥, for k € N. By
Equation 55 and Equation 56, respectively one has that

1 _
((mlxg)k> = (xgxl)k, and ((achl)k) to (xlxg)k, Equation 57.

for all k € N. Therefore, the second statement holds, too. §

Due to the self-invertibility of the group-identity, e, the generators x1, 2, and the group elements g with odd length |g|, we
are interested in the cases where |g| is even: the cases where g = (z122)", or g = (z271)" € T'3.

Analytic and Combinatorial Observation for Elements of T' in M(C)

As we have seen, the group I'Z is group isomorphic to the 2-dimensional, order-2, 2-generator subgroup 93(2) of My(C)
under our representation ((CQ, az). In particular, MM3(2) is generated by two matrices: As(t1,s1) and As(t2, s2) for the
strongly mutually distinct pairs (¢1, s1) and (t2, s2) in C* x C*. More precisely,

t s t s
Az(tl, 81) = < 1—1t? ; ) and AQ(t27 82) = ( 1—2t§ i ) Equation 58.
5. u T, L2

S1 S2

in M5 (C).
In the rest of this paper, we denote As(t1, 51) and As(t2, s2), by X1 and Xo, respectively, for convenience.
We are interested in group-elements g formed by g = (z122)" € T'2, for k € N. In this case

-1

a?(g) = o® ((z122)") = (X1X5)", and hence, (®(9)) =a’(¢7") = (X2 X1)F, Equation 59.

in MM3(2).
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Observe that

1 — 2 1 42
L&&VH&XHZ@Mﬂﬁ“stQ+@2 m)b
2 1

from the straightforward computation in M3 (C).
Consider now that det (X;) = —1 = det(X3), and

tl—f—tg S1 + 8o
det (X7 + X3) = det _§ _
(X3 2) <1tf+1t§ t1t2>

S1 S2

1—1t2 1—1¢2
== (B +2ttr+13) - (1_t?+31( 2) | 2 (= h) +1—t3>
S9 S1
1—t3 1—t2
ﬁ%h%1m%sd@ ”&(ﬁ1)1+£
_ —2t1t2 _ S1 (1—1%) _ 59 (1—t%) _27
S9 S1

SO, one can compute

S1 (l—t%) i S9 (1—75%).
S9 S1

det (Xl) -+ det (XQ) — det (Xl -+ XQ) = 2t1t2 +
Lemma 9. Let X and X5 be the generating matrices of M3(2) as above. Then there exists eg € C, such that
(XlXQ) + (XQXl) =¢goly € MQ(C), and
S1 (1 — t%) n S92 (1 — t%)

S92 S1
= det (Xl) + det (Xz) — det (X1 -+ XQ) .

€0 = 2t1to +

Proof. The proof of Equation 63 is done by Equation 60 and Equation 62. I

Therefore, one can observe that

(X1X5 4+ X2 X1)? = (X1X2)? + X1 X0 Xo X1 + X0 X1 X1 Xs + (X2 X1)?
= (X1X2)? + (X2 X1)? + 2D,

and hence,

(X1X2)% + (X2X1)? = (X1 Xo + X2 X1)? — 21,
= (eol2)” — 21,
= (Eg — 2) IQ.

By Equation 63 and Equation 65, we have that (X1 X5)! + (X2X1)! = eols, and (X1 X5)” + (X2X;)% =

More generally, we obtain the following recurrence relation.

Equation 60.

Equation 61.

Equation 62.

Equation 63.

Equation 64.

Equation 65.

(Eg — 2) Ig.
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Theorem 10. Let X and Xo be the generating matrices of M3(2) in My(C). If we denote X, denote (Xng)k + (X2 X1)F, for

all k € N, then the following recurrence relation is obtained.

xl = 5012
%2 = (6% — 2) I2

Xp =coXn_1 — Xp_o, foralln >3 €N,

in M(C), where e = det (X1) + det(X3) — det(X1 + Xs).

Proof. By Equation 63, indeed, one has X1 = (12, and by Equation 65, X; = (¢} — 2) L.

Suppose n = 3 in N. Then by Equation 51

Observe now that

80%2 — %1 =&y (8(2) — 2) [2 — 8012
= (68 — 250) IQ — &‘QIQ

= (e — 3e0) Lo
Thus, one obtains that

X3 = (58 — 350)
12 = 60%2 — .’£1.

So, if n = 3, then the relation in Equation 66 holds true.

Assume now that the statement
xno - onnofl - %’I‘L(]*z

holds for a fixed ng > 3 in N. Then

Equation 66.

Equation 67.

Equation 68.

Equation 69.

Equation 70.

Xng+1 = ((X1X2)™ + (X2 X1)") (X1 X2 + X2 X1) — (X1 X2)"™ (X2 X1) — (X2X1)"™ (X1 X2)

= ((X1X2)™ 4+ (X2X1)™) (e0]) — ((X1X2)™ ™! + (X2X1)™ 1)

= 50xno - xno—la

Equation 71.

Since ny is arbitrary in N\ {1, 2}, we can conclude that X,, 1 = £0X,, — ¥,,—1, for all n € N\ {1}, by the induction.

Therefore, the relation in Equation 66 holds. I
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By the recurrence relation Equation 66, we obtain that:
X1 Xy + Xo Xy = eol,
(X1X2)? + (X2 X1)? = (5 —2) I,
(X1X2)? + (XoX1)? = (£§ — 3e0) Lo,
(X1X2)* + (XaX1)* = €0 (e — 3e0) Ia — (e§ — 2) I
( — 42 + 2) I. Equation 72.

Inductively, one can verify the following.
Corollary 11. There exists a functional sequence (f,,),,, such that

(X1X2)" + (X2 X1)" = (fn(e0)) Lo Equation 73.

The following theorem provides the refined result of Equation 73.

Theorem 12. Let Xy and Xs be the genemtmg matrices of a 2-dimensional, order-2, 2-generator subgroup M3 (2) of Ma(C
and let X; = (X 1X2) (X2X1)! € My(C), for all 1 € N. Then there exists a functional sequence ( fn)oy snch that 3€n =
fn(g0)Iz € Ms(C), where eg = det(X7) + det(Xy) — det( X7 + Xz). Moreover,

[%] (”—k—1>zn—2k
ko k-1
(3]

n n—=k ,
S ( ) 2"k Equation 74.

I
P
|
—_
N
ES

k=

o

where [§] is the maximal integer less than or equal to .

Proof. By Equation 66 and Equation 73, there exists a functional sequence (f,,)22 ; such that X,, = f,,(e0)l2, foralln € N.

For instance,

fi(z) ==

fa(z) = 2% =2

f3(2) = 2% =32
fa(z) =2t — 422 + 2

Equation 75.

So, it suffices to show that each n-th entry of the sequence f,(z) satisfies Equation 74, for all n € N.

Say n = 1. The function f1(z) satisfies

% n—k-1 Zn—Qk
= v

0
_ ZO: n—k ,n—2k
N = k k
1 1-0
— (_1)0 1-0
( )1—0< 0 )Z
=z, Equation 76.
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If n = 2, then the function f(2) is

fa(z) = 3 (-1)f ( " g ) 2k

k=0
2 2—-0 2 2—-1
0 2.0 1 99
= (- -1) ——
( )2—0< 0 )’Z * )2—1< 1 )Z
=221 Equation 77.

Therefore, the formula Equation 74 holds true where n = 1, 2, by Equation 75.

Now, we consider the recurrence relation.

fi(z) ==
fg(Z) ].
Jnt1(2) = an( ) — fno1(2) Equation 78.

foralln > 2in N.

First of all, the functions f; and fs satisfy the initial condition of the relation by Equation 76 and Equation 77. So,
concentrate on the cases where n > 2. Observe that

3] (251
2fn(2) = fao1(2) =2 (Z(l)k % ( " ;f; 1 ) 2"2’“) _ Z (fl)kn ; 1 ( n ;ﬁIQ ) Ln—1-2k
k=0

k=0
3] n n—Fk—1 e n—1 n—k—1
— -1 k™ - n—2k+1 1 k—1""" - n—1—2k+2
( )k< k-1 )Z PN A el WP
k=0 k=1
3] nf{ n—k—1 5] g —1 n—k—1
_ -1 k' - n+1—2k — —h n+1—2k
k_o( "% ( k-1 ) i Z k-2 |~
S+l n—k-—1 nl-2k | k”—l n—k-—1 n+1—2k
+ Z ( 1 ) ; 1\ k-2 )~
5
_n+l k(2 n—k—1 n—k—1 n+1-2k
D (1) (k ( o1 ) TEe z
k=1
n+1 —1 ‘n+1
et Snt1—2(m5t
O

_ on+l > nn—k—1) (n—1)(n—k—1)! nt+l—2
_Z++};(_1)k<k(n—k—1—k+1).(k’ O 1)(n—k+kz+2)!(l~c—2)!>2+ '

+9 Equation 79.
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where

n+1
=y Tl ( nole =l )Znﬂ—zm“]’

el -1\ -l
(%] | | |
_ a1 Y nn—k—-1)! nn—k—-1)'—n-kFk-1"\ 11 o
? +;( ) ( 20 2kt D11 )7 2
(3] | | |
1 )k (n—=2k+1nn—k—-1)+knn—k—-1)!—kin—k—-1)"\ 1 o
: ﬂ;f ) ( R — 2k + DIk —1)! ? 3
3] , ,
a4l 1)k (n® —2kn+n+nk—k)(n—k—1)"\ 1 o
z *;( ) ( T — 2k + D)1k — 1)] ? 3
() , |
nt1 1)k (" —nk+n—k)(n—k—-D"\ 11 o
? +kZ:1( ) ( Fn—2k+ Diki—1) )7 3
(3] |
_ ntl 1)k m+ D=k —k=D" 11 o
‘ +k:1( ) ( Ko —2k+ Dik—1)! )~ 2
(3] ,
_ ntl Rt (n—k)! nt1-2k
z +;( R ey Ry R § 1 2
(%]
nt1 pE L =k
2 +;( el +9
2 n+1 [ n-k
= (71)]C 2 I LML=k +9. Equation 80.
k=0 -1
For any n > 2, we obtain
ki n+1l [ n—k
z2fn(2) — fno1(z) = (—l)k k ( b1 ) =2k 4 ). Equation 81.
k=0 B
Notice that if n > 2 is even in N, then [%] = [%5}] in N and hence, the first term of Equation 81 contains the second one.
Therefore, one has
(5] 1 i
n€2N= zf,(2) — fn_1(2) = Z (—1)kn - " 2n+1_2k7 Equation 82.
= k k—1

ifand only if zf,,(2) — frn—1(2) = fut1(z) forall n € 2N.
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Now, assume n > 2 is odd. Then
_[ntly |
[zt (22 (n—[=-1)! n+1-2[2£1]
V=01 (n+1—2> ((n—[" -1 — (=] o) (2] —2) ) ©

ey (202 (n— [ - 1)! 0
= (=) ](n—1)<(n—2[n2]+1)! [”'2“]—2)!>Z

_ [ntl7)y
— (—)["F (9 (n (%57 0
oY ”<<n_2m+1 - ) (-2 )
_ [n+1
_ (22 (nt1 ("] -1 n- 5 0
ERRRRNE DA =) R
’ ’ (5] -1
_ [nt1
—( 1[W](n+1)<n+12) n- 5] .0
-\ 2 n+1 o
[23=] 2n —n — 1 [”Tl]—l
TL—[”+1]
nt1 +1 2
= (71)[ ] <FW]> 1 29, Equation 83.
? (5711
Therefore .
N . [n] n+1 n—[7] 0 .
ne2N+1=99 = (1) [nTH] [ 1] z. Equation 84.
ntl) g
2
So, if n > 2 1s odd then
(%3]
2fn(2) = fno1(2) = Z (71),@77,—]:1 ( Z:If >2n+12k, Equation 85.
k=0

if and only if 2 f,,(2) — fn—1(2) = fut1(2). Therefore, by Equation 82 and Equation 85, one can conclude that
n>2eN-— an(z) — fn_l(z) = fn_H(Z). Equation 86.

The above result shows that f,,11(g0) = €0 fn(0) — fn_1(c0), for n > 2 € N, with f1(g9) = €0, and fa(gg) = €3 — 2. By
Equation 66, one can conclude that if

(5]
fuz2) =) (—1)F (ﬁ) ( " ; k; ! ) 2" then X,, = fn(c0) 12 Equation 87.

foralln € N. 1

This result shows that the generators 21 and 2> of I'3 induces the analytic data in M>(C) depending on the elements z1 x5
and their inverses 2221 up to Equation 87.

Group Algebras Aqn 12,

Let I be an arbitrary discrete group, and let (H, «) be a Hilbert-space representation of I" consisting of a Hilbert-space H
and the group-action a : I' — L(H), making a(g) : H — H, forall g € T be linear operators (or linear transformations) on
H, satisfying a(g192) = a(g1)a(g2), for all g1, 92 € Ty and a(g™?) = (a(g))_l, forall g € T, where L(H) is the operator
algebra consisting of all linear operators on H.
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Note that, if we are working with topologies, then one may replace L(H) with B(H ), the operator algebra consisting of all
bounded (or continuous) linear operators on H. However, we are not considering topologies throughout this paper, so we
simply set the representational models for L(H) here.

Our group I'4; has its Hilbert-space representations (C", "), for all n € N\ {1}, and each element g of I'%; is realized as
a™(g) € M2(N) in
M, (C) = L(C™) = B(C"). Equation 88.

The first equality holds because, under finite-dimensionality, all linear operators on C™ are matrices acting on C", and vice
versa. The second equality holds, because, under finite-dimensionality, all pure-algebraic operators on C™ are automatically
bounded (and hence, continuous).
For an arbitrary group I, realized by (H, «), one obtains the isomorphic group «(T") in L(H), i.e., T’ oroup a(l') € L(H).
So, one can construct a subalgebra,

Ayr=C [a(T)] of L(H), Equation 89.

where C[X] is the polynomial ring over the set X. Such rings C[X] form algebras under polynomial addition and polynomial
multiplication over C, and hence, under the inherited operator addition and operator multiplication, C [ (I")] forms an
algebra in L(H).

Definition 3. Let T be a group and let (H, «) be a Hilbert-space representation of I'. The subalgebra A, 1 of L(H) in the sense of
Equation 89 is called the group algebra of T induced by (H, «t).
It is not difficult to show that if
2 = CJ1], Equation 90.
the pure-algebraic algebra generated by I', as a polynomial ring in T', then
Ap Azlg Aar, Equation 91.

for all Hilbert-space representations (H, «v) of I" algebraically, where A8 eans “algebra isomorphic to.”

Proposition 13. Let I'%; be the group defined in Equation 1, and let (C™, a™) be our n-dimensional representations of I'%;, for
alln € N\ {1}. Let M, (N) be the n-dimensional, order-2, N-generator subgroups of M, (C), for all n € N\ {1}. If Ay p2 are
in the sense of Equation 89, and Az is the group algebra in the sense of Equation 90, then

AF?\] A:Zg Aan7 rz, = C [mi(N)] ,fOT alln € N. Equation 92.
Proof. The proof is deduced from Equation 91. Recall that o™ (T'3) = 92 (N), foralln € N. 1

A Group Algebra A > 12
In this section, we take the group algebra in the sense of Equation 89,

denote .
Aaz’pg = A, Equation 93.

as a subalgebra of M(C) = L(C?), under our representation (C?, a?). By Equation 92, pure-algebraically, the algebra A,
of is algebra isomorphic to the group algebra Az = C[T'3].

By Equation 51, all elements of A5 are the linear combinations of the matrices formed by

I, X1, X0, (X1 X2)", (X2X1)", or (X1X2)" X1, (X2X1)" X, Equation 94.
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forall n € N, where X; = a?(x;), for j = 1,2, since Ay = C [IM3(2)] € M>(C).

As we have seen in the previous section, the building blocks of A5 satisfy the following.

(1) I, X7, Xo, (X1X2)" X1, and (X2X1)" X, are self-invertible in Ay C My (C).
(i) ((X1X2)™) ' = (X2X1)", foralln € N.
Corollary 14. Let X and X5 be the generating matrices of M3 (2), and hence, those of As. Then

(X1X2)") ™" = fuleo) ]2 — (X1 X2)"
((XZXI)H)_l = fu(e0) 2 — (X2 X1)" Equation 95.

foralln € N, where (f,)22, is the functional sequence from Equation 74.
Proof. By Equation 87, we have (X; X5)" + (X2X1)™ = fn(e0)I2 € Asg, where f,, are in the sense of Equation 74, and ¢
is in the sense of Equation 63, for all n € N. So,

(XQXl)n = fn(€0)[2 — (XlXQ)n e A Equation 96.

for all n € N. Thus,
(X1 X)) = fuleo) o — (X1X3)" Equation 97.

foralln € N.

Similarly, we obtain ((X5X1)") ™" = f,(c0)l2 — (X2X,)™, foralln € N. 1

It means that if 7" is a matrix of Aj in the form of either (X7 X3)" or (X2X;)" forany n € N, then 77! = f,,(g0) [z — T
Proposition 15. Let A € 9M3(2) in Aa. Then

A= { A Equation 98.
for somer, € C.
Proof. Tf A € M3(2) in Az, then T is one of the forms listed in Equation 94. As we discussed above, if A is I, X7, Xo,
(X1X2)" X1, or (XoX1)" X, for n € N, then it is self-invertible in As. i.e., A=! = A in As.
If A is either (X7 X2)", or (X2X1)", for any n € N, then, by Equation 95, there exists 74 € C, such that A~ =74 — Ain
As. 1
The above proposition characterizes the invertibility of 9t3(2) in As.

Trace of Certain Matrices of Az
Let A, be the group algebra of I'j induced by (C?,a?) in M;(C), in the sense of Equation 93. Since the algebra A; is
a subalgebra of M>(C), one can naturally restrict the trace tr on M(C) to that on As. i.e., the pair (A, tr) forms a

noncommutative free probability space.”>®

In this section, we are interested in trace of certain types of matrices in As. Let X; and X5 be the generating matrices of
92 (2), and hence, those of Aj;. Define a new element 7" of A, by

T=X+ X5 € As. Equation 99.
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By the self-invertibility of X; and X5, this matrix is understood as the radial operator of As.

Observe that

T? = (X1 + X5)°
= X7+ (X1X + X2 X1) + X3
=L+ fi(eo)l2 + I
= (fi(eo) +2) I>
T% = (X, + X»)°
= (X1 + X3)* (X1 + X2)
= (fi(eo) +2)T
T =T3T
= (fi(eo) +2)T?
= (fi(e0) +2)° I

5 =TT
= (fileo) +2)°T
T = 7°T

= (fi(eo) +2)* T?
= (f1(eo) + 2)3 I

where f,, are in the sense of Equation 74,

(5]

me= () ()

k=0

for all n € N, and hence, f1(g9) = €o. Inductively, one obtains the following.

5

Equation 100.

Equation 101.

Theorem 16. Let T = X + X5 be the radial operator of As, where X1 and X5 are the generating matrices of As. Then

T = (Eo + 2)n I
T2n+1 — (50 + 2)I’L T,

in A, for all n € N, where e = det(X;) + det(X2) — det(X; + Xo).

Proof. The proof is inductive and relies on the observations above. Indeed, one can find 72"
T+ = (f1(g0) +2)" T in A for all n € N. Finally, since f1(z) = 2, we obtain f1(g9) = 0. 1

Corollary 17. Let T' = n X1 + X be the radial operator of As. Then

tr (T™) = 2 (g0 + Q)n/2 if n is even
] o0 ifn is odd

forn e N.

Equation 102.

(fi(eo) +2)" Iy and

Equation 103.
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Proof. Set

y y
X; = < 1]@ / > € Ay, forj =1,2 Equation 104.

s b

where (t1,51) and (2, s2) are strongly distinct pair in C* x C*. By Equation 102, if 7" is given as above in Ay, then
T2 = (g9 + 2)" I, and T?" ™1 = (g9 + 2)" T, for n € N. Thus, it is not difficult to check that

ony (e0 +2)™ 0
tr(T )—tr<< OO (0 +2)" ))

— (60 + 2)77. + (EO + 2)77,
=2(gp+ 2)71 , Equation 105.

for any n € N, By the direct computation and by Equation 104, one has

t1 +1 s1+s
T = ( 14211 127153 ' ’ ) Equation 106.
S+ (i)

Sotr(T) = (t1 + t2) + (—(t1 + t2)) = 0. Also, again by Equation 102, we have

tr(T?" ) = tr (g0 + 2)"T)
= (g0 + 2)” tr(T)
=0, Equation 107.

foranyn € N. I

APPLICATION: A; AND LUCAS NUMBERS
Here, as application of the previous sections, we study connections between analytic data obtained from elements of A5 and
Lucas numbers. More details about Lucas numbers are found in the references and cited papers thereof.”-!1

From the main result, Equation 87, of the previous section, we find a functional sequence ( f,,)22, with its n-th entries

ki (n) n—k—1
fa(2) =mn (_l)k - < ) 2"k Equation 108.
Py k k—1

for all n € N, satisfying (X1 X2)" + (X1X32)") " = fo(c0) Iz € As, where eg = det(X1) + det(X5) — det (X7 + Xo).

For any arbitrarily fixed n € N, consider the summands

(Z)(n;le>,f0rkO,l,...,[g}, Equation 109.
of fn(2).
Define such quantities of Equation 109 by a form of a function, g : N x Ny — C by
n—k—1
. n k=01, .., [2
g(n, k)< (%) ( k-1 ) ' 5] Equation 110.
0 otherwise,

for all (n,k) € N x Ny, where Ny =\ {0}. Note that the definition Equation 110 of the function g represents the
(non-alternating parts) of summands of (f,,)5° ;.
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Theorem 18. Let g be a function from N x Ny into C be as described in Equation 110, Then
9(1,0)=1land g (n+ 1,k) = g(n, k) + gln — 1,k — 1), Equation 111.
forall (n,k) € (N \1) x N,

Proof. Observe first that:

=5 (")

_n (n—Fk—1)!
S k(k—D!n—k—-1—Fk+1)
n(n—k—1)! .
= m Equatlon 112.

whenever g(n, k) is non-zero, for (n, k) € N x Ny.

By Equation 112, we obtain that

1(1—0—1)!

9.0 = =7 =5

=1. Equation 113.

Consider now that:

k—1 k—1 (k—1)—1
nn—k—-1)! (n-1)(n—-%k-1)

(n — 2k)!k! (n—2k+ 1)k —1)!
nn—2k+1)(n—k—1!+k(n—1)(n—k—1)!
(n—kk + 1)!k!
(n?>+nk+n—k)(n—k—1)!
(n— 2k + 1)k!

(n+1)(n—k)!
k(2n — 2k + 1)(k — 1)!

1 1)—k—-1
= n+l ( (n+1) ), Equation 114.

g(n,k)+g(n1,k1)—Z<n_k_1>+"_1(”—1—(k—1)—1)

k k—1

and hence,

g(n, k) + gln— 1k~ 1) = "1 < (n+;):1k71 )

=g(n+1k). Equation 115.

Therefore, one can get the recurrence relation Equation 111, by Equation 113 and Equation 115. 1

By Equation 111, we can see that the family {g(n, k) : (n, k) € N x Ny} relates to the following diagram.

By using the above family {g(n, )}, 1 enxn, of quantities obtained from Equation 110, one can re-write the n-th entries
fn of Equation 108 as follows;
(3]
fu(z) = (—1)}IC (g(n,k)) Zn_2k7 Equation 116.
k=0
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2
1
1 2
1 3
1 4 2
1 ) )
1 6 9 2
1 7 14 7
1 8 20 16 2
1 9 27 30 9
1 10 35 50 25 2

Figure 1. The rows represent n € N, and the columns represent k € Ng of the quantities g(n, k). Observe that the diagram is the Lucas triangle, ! induced

by the Lucas numbers.”-1°

forn € N.

Corollary 19. The coefficients of the functions f, of Equation 108 are determined by the Lucas numbers in the Lucas triangle
alternatively.

Moreover, we can verify that
(23]
Farr(2) = Y (=1)F (g(n + 1, k) 2172
k=0
(£
= > (D" (g(n, k) +g(n— 1,k — 1)) "2
k=0
(£

=) (=1)F(g(n, k)) 2172

k=(
(%3]
+ ) (—DF(gn—1,k—1)) 22
k=1
(5]
=z (_1)k (g(n, k —1)) =2k
k=0
(5]
_ Z (_1)k (g(n —1,k— 1))Zn—1—2k
k=0
=2fn(2) = fa-1(2). Equation 117.

From the recurrence relation Equation 115, we can re-prove the recurrence relation Equation 78.
Corollary 20. Let

fu(2) = (_1)k (g(n, k)) Zn 2k Equation 118.
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where {g(n, k) } (n.k)yenxn, are as defined in Equation 110. Then

fi(z) ==z
f2<Z) = 22 —2
fn+1(2) = an(z) - fn—l(Z)7 Equation 119.

foralln > 2inN.

Again, the above corollary demonstrates the connection between our Hilbert-space representations of I' and Lucas numbers.
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