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ABSTRACT

We enhance the category of rings and the category of idempotented rings to 2-categories. After do-
ing this, we prove an equivalence of 1-categories and 2-categories between the category of rings and 
the category of small preadditive categories with one object and between the category of idempo-
tented rings and the category of small preadditive categories with finitely many objects. Under these 
equivalences, we demonstrate some analogues between notions in category theory and ring theory.
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1.  INTRODUCTION

One of the most famous problems in mathematics was the proof for Fermat’s Last Theorem,  
dating back to 1637, that states that there do not exist three positive integers a, b, c such that  
an + bn = cn for an integer n greater than two.1 Through attempts to prove this theorem, the con-
cept of a ring was introduced by Richard Dedekind in the 1800’s which provided a generalization 
of arithmetic. However, it was not until the 1920’s that (commutative) rings were axiomatically 
defined by Emmy Noether and Wolfgang Krull in their theory of ideals.2 Ring theory has since 
grown to be an active field of research with interesting connections to algebraic number theory and 
algebraic geometry.

In comparison to a ring, the concept of a category is much younger with category theory being 
a field of mathematics introduced by Samuel Eilenberg and Saunders Mac Lane in 1945 as part of 
their work in topology.3 However, applications to other fields of mathematics have since grown 
tremendously. Notably, Alexander Grothendieck almost single-handedly shaped modern algebraic 
geometry with the use of category theory whereas William Lawvere applied category theory to log-
ic to develop the field of categorical logic.4,5 While there are many diverse uses of category theory, 
applications to abstract algebra are especially interesting since one can interpret various algebraic 
structures such as sets, monoids and groups as categories and vice-versa in an effort to study them 
in an uniform fashion. By doing so, one can translate propositions proven in categories into results 
in their respective algebraic structures.

In the literature, especially in the field of categorification, one often views a ring together with 
a collection of idempotents as a category with an object for each idempotent. For instance, this is 
the point of view taken in the recent categorification of quantum groups, where one typically cat-
egorifies the modified enveloping algebra of a quantum group.6–11 This algebra has an idempotent 
for every element of the weight lattice. We adopt this approach in the current paper. Our goal is to 
make the connection between rings (with idempotents) and categories as precise as possible, and 
create a dictionary between the two points of view. In particular, we show how we can view a ring 
as a small preadditive category with one object and an idempotented ring as a small preadditive 
category with finitely many objects. We then prove an equivalence of 1-categories and 2-categories 
between the category of rings and the category of small preadditive categories with one object and 
between the category of idempotented rings and the category of small preadditive categories with 
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finitely many objects. Under these equivalences, we show in Proposition 6.3 that two functors be-
tween two small preadditive categories with one object form an adjunction if and only if there exist 
specific 2-morphisms of rings and mutually inverse bijections of sets.

2. BACKGROUND ON RING THEORY

In this section, we recall the definitions of a ring as well as different types of idempotents and 
systems of such idempotents within a ring. Furthermore, the notion of an idempotented ring is in-
troduced and the example of a matrix ring is given. Lastly, we give a proof that every idempotented 
ring is isomorphic to a matrix ring.

Definition 2.1 (Ring)
A ring is a set R equipped with two binary operations (denoted by addition and multiplication) 
satisfying the following axioms:

• (Commutativity of addition) For all a, b ∈ R, a + b = b + a.
• (Associativity of addition) For all a, b, c ∈ R, a + (b + c) = (a + b) + c.
• (Additive identity) There exists an additive identity 0R ∈ R such that for all  

a ∈ R, 0R + a = a = a + 0R.
• (Additive inverse) For all a ∈ R, there exists an element −a ∈ R such that a + (−a) = 0R.
• (Associativity of multiplication) For all a, b, c ∈ R, a ∙ (b ∙ c) = (a ∙ b) ∙ c.
• (Multiplicative identity) There exists a multiplicative identity 1R ∈ R such that for all  

a ∈ R, 1R ∙ a = a = a ∙ 1R.
• (Left distributive property) For all a, b, c ∈ R, a ∙ (b + c) = a ∙ b + a ∙ c.
• (Right distributive property) For all a, b, c ∈ R, (b + c) ∙ a = b ∙ a + c ∙ a.

Definition 2.2 (Idempotent, orthogonal idempotent)
An element e in a ring R is idempotent if e2 = e. Idempotents e and e΄in R are a pair of orthogonal 
idempotents if e ∙ e΄ = e΄ ∙ e = 0.

Definition 2.3 (Complete multiset of orthogonal idempotents)
Let R be a ring with a multiset I = {e1, e2, ∙ ∙ ∙, en} ∈ R. We call I a complete multiset of orthogonal 
idempotents if:

• For distinct ei, ej, in I, ei, ej, is a pair of orthogonal idempotents. 
• 1R = e1 + e2 + ∙ ∙ ∙ + en.

Definition 2.4 (Idempotented ring)
An idempotented ring is a pair (R, I), where R is a ring and I a complete multiset of orthogonal 
idempotents.
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Example 2.5 (Matrix ring)
Suppose (R, I) is an idempotented ring with I = {e1, e2, ∙ ∙ ∙,en}. We define a ring Mn(R) with multi-
plicative and additive identities 1Mn(R) and 0Mn(R) as follows.

( ) ,

, .

M R

e re
e re

e re

e re
e re

e re

e re
e re

e re

r R

e
e

e

1
0

0

0

0

0
0

0

0
0

0

0
0

0

0
0

0

( ) ( )

n

n n

n

n

n n

M R
R

R

R

R

R

R

n

M R

R

R

R

R

R

R

R

R

R

1 1

2 1

1

1 2

2 2

2

1

2

1

2
n n

|
h h

g

g

j

g

h

h h

g

g

j

g

h h h

g

g

j

g

h

!=

= =

J

L

KKKKKKKKK

J

L

KKKKKKKKK

J

L

KKKKKKKKK

N

P

OOOOOOOOO

N

P

OOOOOOOOO

N

P

OOOOOOOOO

Z

[

\

]]]]]]
]]]]]]

_

`

a

bbbbbb
bbbbbb

Next, we define a multiset IMn(R) ⊆ Mn(R) in this fashion,
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It is fairly simple to prove that Mn(R) is a ring since most of the ring axioms follow from the prop-
erties of matrices and so we will omit the proof. Likewise, it is also straightforward to prove that 
every pair of M, N ∈ IMn(R) is pairwise orthogonal and that the sum of all M ∈ IMn(R) = 1Mn(R). 
Thus, IMn(R) is a complete multiset of orthogonal idempotents.

Proposition 2.6 (Every idempotented ring is isomorphic to a matrix ring)
Proof.  
Let (R, I) be an idempotented ring and (Mn(R), IMn(I)) be the matrix ring over (R, I). We define  
ϕ : (R, I) → (Mn(R), IMn(R)) to be the map r ↦ (ejrei) where (ejrei) denotes the n × n matrix whose  
(i, j) entry is ejrei. We claim that ϕ is a ring isomorphism.

• (Injective) Assume that for some r and r΄ in R, ϕ(r) = ϕ(r΄). Then for any index (i, j),
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• (Surjective) By the definition of Mn(R), for any matrix M ∈ Mn(R), ϕ(r) = M for some r ∈ R.
• (Preserves Sums) Let r, r΄ ∈ R, then we have the following set of equalities.
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• (Preserves Products) Let r, r΄ ∈ R, then we have the following set of equalities.
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• (Preserves Identity)

( ) .

e e
e e

e e

e e
e e

e e

e e
e e

e e

e
e

e

1

1
1

1

1
1

1

1
1

1

0

0

0

0

0
0

R

R

R

n R

R

R

n R

R n

R n

n R n

R

R

R

R

R

R

n

1 1

2 1

1

1 2

2 2

2

1

2

1

2

$ $

$ $

$ $

$ $

$ $

$ $

$ $

$ $

$ $

h h

g

g

j

g

h h h

g

g

j

g

h
z = =

J

L

KKKKKKKKK

J

L

KKKKKKKKK

N

P

OOOOOOOOO

N

P

OOOOOOOOO



 Volume 12 | Issue 4 | November 2015  9

American Journal of Undergraduate Research www.ajuronline.org

3. BACKGROUND ON CATEGORY THEORY

In this section, we recall the notion of a category and give some examples involving algebraic struc-
tures. We then consider mappings between categories with the definition of a functor and consider 
relations between functors through natural transformations and adjunctions. Lastly, we give the 
definition of an equivalence of categories which we will use to great effect in later sections.

Definition 3.1 (Category, small category)
A category C consists of a class of objects ObC and for every pair of objects X, Y, a class of  
morphisms MorC(X, Y), writing f : X → Y to denote a morphism in MorC(X, Y). These classes must 
satisfy the following:

• (Composition) For any X, Y, Z ∈ Ob C, there is a map of composition  
MorC(Y, Z) × MorC(X, Y) → MorC(X, Z). 

• (Identity) For any object X ∈ Ob C, there exists an identity morphism of X, idX : X → X, such 
that for any morphism f : X → Y , f ∘ idX = f = idY ∘ f ∈ MorC(X, Y).

• (Associativity) Given f ∈ MorC(X, X΄), g ∈ MorC(X ,́ Y) and h ∈ MorC(Y, Y΄),  
(h ∘ g) ∘ f = h ∘ (g ∘ f) ∈ MorC(X, Y΄).

A category C is small if the class of objects and the class of morphisms are both sets.

Example 3.2 (Category of finite-dimensional vector spaces)
Let FinVect𝔽 denote the category of finite-dimensional vector spaces over a fixed field 𝔽. The ob-
jects of FinVect𝔽 are finite-dimensional vector spaces over 𝔽 and for any V, W ∈ Ob FinVect𝔽 , 
MorFinVect𝔽(V, W) is the class of linear maps from V to W. The axioms of a category are satisfied 
with the following data.

• (Identity) For any V ∈ Ob FinVect𝔽 , idV is the identity map from V onto itself.
• (Composition) The composition of morphisms in FinVect𝔽 is the usual composition of linear maps.
• (Associativity) Associativity holds because the composition of linear maps is associative.

Example 3.3 (Category of matrices)
Let Mat(𝔽) denote the category of matrices over a fixed field 𝔽. The objects of Mat(𝔽) are the natural 
numbers, and for any m, n ∈ Ob Mat(𝔽), MorMat𝔽 (m, n) is the class of n × m matrices. The axioms 
of a category are satisfied with the data below.

• (Identity) For any m ∈ Ob Mat(𝔽), idm is the identity m × m matrix.
• (Composition) The composition of morphisms in Mat(𝔽) is the multiplication of matrices.
• (Associativity) Associativity holds because the multiplication of matrices is associative.

Definition 3.4 (Isomorphism)
Suppose C is a category. A morphism f ∈ MorC(X, Y) is an isomorphism between X and Y if there 
exists a morphism g : Y → X such that f ∘ g = idY and g ∘ f = idX. We say that the objects X and Y are 
isomorphic, which is denoted as X ≅ Y.
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Definition 3.5 (Preadditive category)
A category C is preadditive if for any X, Y ∈ Ob C, MorC(X, Y) has the structure of an abelian 
group, which we write additively. Furthermore, we require that composition is distributive over this  
addition. So for any f, f΄ ∈ MorC(X, Y) and g, g΄ ∈ MorC(Y, Z),

• (g + g΄) ∘ f = g ∘ f + g΄ ∘ f ∈ MorC(X, Z),
• g ∘ (f + f΄) = g ∘ f + g ∘ f΄ ∈ MorC(X, Z).

Remark 3.6 We will refer to the identity with respect to the addition operation as the zero morphism 
from X to Y, denoting it as 0X,Y.

Example 3.7

The category FinVect𝔽 is preadditive because for any V, W ∈ Ob FinVect𝔽 , MorFinVect𝔽(V, W) is a 
class of linear maps equipped with a commutative addition operation (addition of linear maps) 
with 0V,W being the linear map v ↦ 0W. Furthermore, the composition of linear maps is distributive 
over addition.

Example 3.8

The category Mat(𝔽) is preadditive since for any m, n ∈ Ob Mat(𝔽), we have that MorMat(𝔽)(m, n) is 
an abelian group with respect to the addition operation with 0m,n being the zero n × m matrix. The 
distributive property then follows from the distributive property of matrices.

Definition 3.9 (Category of rings, category of idempotented rings)
Let Ring denote the category of rings, where the objects are rings and the morphisms are ring  
homomorphisms. We let Ring⊥ denote the category of idempotented rings. In this case, the  
objects of Ring⊥ are idempotented rings and MorRing⊥((R, I), (S, J)) consists of homomorphisms  
h : R → S such that h(e) ∈ J for all e ∈ I.

Definition 3.10 (Functor)
Suppose C and D are categories. A functor F from C to D (written as F : C → D) consists of the 
following:

• F maps every object X ∈ Ob C to an object F(X) ∈ Ob D and every morphism f : X → Y to a 
morphism F(f) : F(X) → F(Y) ∈ MorD(F(X), F(Y)).

• (Preservation of identity) For any X ∈ Ob C, F(idX) = idF(X) ∈ Ob D.
• (Preservation of composition) Given f ∈ MorC(X, Y) and g ∈ MorC(Y, Z),  

F(g  ∘  f) = F(g) ∘ F(f) ∈ MorD(F(X), F(Z)).

Example 3.11 (Identity functor)
Just as there exists an identity mapping for any set, there exists an identity functor  
idC : C → C for any category C such that idC(X) = X for all X ∈ Ob C and idC(f) = f for all   
f ∈ MorC(X, Y).

Example 3.12 (Double dual functor)
An example of a functor from linear algebra is the double dual functor F : FinVect𝔽 → FinVect𝔽.  
For V ∈ Ob FinVect𝔽, F(V) = V**, and for f ∈ MorFinVect𝔽(V, W), F(f) = f** : V** → W**.  
That is, F maps a vector space to its double dual and a linear map to its double transpose.  
It is straightforward to verify that F is a functor.
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Definition 3.13 (Additive functor)
Suppose C and D are preadditive categories. A functor F : C → D is additive if for all  
X, Y ∈ Ob C, F : MorC(X, Y) → MorD(F(X), F(Y)) has the structure of a group homomorphism 
with respect to addition. That is for any f, g ∈ MorC(X, Y), F(f + g) = F(f) + F(g) ∈ MorD(F(X), F(Y))

Definition 3.14 (Category of small preadditive categories with one object)
Let PreaddCat1 denote the category of small preadditive categories with one object. As the name 
suggests, the objects are small preadditive categories with one object and MorPreaddCat1(C, D) is the 
class of additive functors from C to D.

Definition 3.15 (Category of small preadditive categories with finitely many objects)
Let PreaddCatFin denote the category of small preadditive categories with finitely many objects. 
The objects are small preadditive categories with finitely many objects and MorPreaddCat1(C, D) is 
the class of additive functors from C to D.

Definition 3.16 (Full functor, faithful functor)
Let C and D be categories. Recall that a functor F : C → D gives rise to map FX,Y : MorC(X, Y) → 
MorD(F(X), F(Y)), for all X, Y ∈ Ob C. The functor F is full on morphisms if FX,Y is surjective and 
faithful if FX,Y is injective for all X, Y ∈ Ob C. If F is both full and faithful, it is called fully faithful.

Definition 3.17 (Essentially surjective)
Suppose and C and D are categories. A functor F : C → D is essentially surjective on objects if for 
all Y ∈ Ob D, there exists a X ∈ Ob C such that F(X) ≅ Y.

Definition 3.18 (Natural transformation, natural isomorphism)
Suppose C and D are categories and F, G : C → D functors. A natural transformation η  
from F to G, denoted as η: F ⇒ G, is a mapping from Ob C to Mor D that associates to every  
X ∈ Ob C a morphism ηX ∈ MorD (F(X), G(X)) such that the following diagram commutes for any  
f ∈ MorC(X, Y).

η ��

�� ��

ηY

��

If ηX : F(X) → G(X) is an isomorphism for all X ∈ Ob C, then η is a natural isomorphism.

Example 3.19 (Identity natural transformation)
Let C, D be categories and F : C → D a functor. The identity natural transformation on  
F, idF : F ⇒ F, is the map X ↦ idF(X) ∈ MorD(F(X), F(X)) for all X ∈ ObC.

Example 3.20

Let idFinVect𝔽 : FinVect𝔽 → FinVect𝔽 be the identity functor and recall the double dual functor  
F : FinVect𝔽 → FinVect𝔽 from Example 3.12. We define a natural isomorphism η : idFinVect𝔽 ⇒ F like 
so: for any V ∈ Ob FinVect𝔽 , ηV ∈ MorFinVect𝔽(V, V**), where ηV is the isomorphism defined as  
ηV(v) : V* → 𝔽 for all v ∈ V and where ηV(v)(f) = f(v), for all f ∈ V*. It is then straightforward to check 
that the following diagram commutes for any V, W ∈ Ob FinVect𝔽  and f : V → W.

��

��

∗∗

∗∗
��

�� ∗∗
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Definition 3.21 (Equivalence of categories)
Two categories C and D are equivalent (written C ≃ D) if there exists a pair of functors F : C → D, 
G : D → C and a pair of natural isomorphisms η : idC ⇒ G ∘ F, є : idD ⇒ F ∘ G.

Lemma 3.22�12 Suppose C and D are categories and F : C → D a functor. The functor F yields an equiv-
alence of categories if and only if F is fully faithful on morphisms and essentially surjective on objects.

Example 3.23

Recall the category of matrices Mat(𝔽) from Example 3.8 and the category of finite-dimensional  
vector spaces FinVect𝔽 from Example 3.7. Consider the functor F : Mat(𝔽) → FinVect𝔽 that 
maps any n ∈ Ob Mat(𝔽) to 𝔽 n and any matrix to its corresponding linear map with respect to 
the standard bases. Then for any V ∈ Ob FinVect𝔽 , there exists a n ∈ Ob Mat(𝔽) such that  
dim(𝔽 n) = dim(V) and so F(n) = 𝔽 n ≅ V. Thus F is essentially surjective on objects and fully faithful 
on morphisms by basic results in linear algebra on the correspondences between linear maps and 
matrices, and so Mat(𝔽) ≃ FinVect𝔽.

Definition 3.24 (Adjoint functors)
Let C and D be categories and H : C → D, J : D → C functors. The functor H is left adjoint to J, 
denoted H ⊣ J, if there exist natural transformations η : idC ⇒ J ∘ H and є : H ∘ J ⇒ idD , such that 
the following diagrams commute for any X ∈ ObC and Y ∈ ObD.

��

��

�� ��

��

��

The commutative diagrams above are referred to as the triangle identities.



 Volume 12 | Issue 4 | November 2015  13

American Journal of Undergraduate Research www.ajuronline.org

4. HIGHER CATEGORY THEORY

In this section, we extend some earlier definitions from category theory into higher category 
theory, namely categories and functors. We will show how the earlier examples of the category of 
rings and category of idempotented rings can be enhanced to 2-categories. Lastly, the definition of 
an equivalence of 2-categories is given.

Definition 4.1 (Strict 2-category)
A strict 2-category C is a category where for every X, Y ∈ Ob C, MorC(X, Y) is a category whose  
objects are the morphisms from X to Y together with the axioms below. To avoid confusion, we will 
refer to morphisms between objects of C as 1-morphisms and denote their composition with the  
usual ∘ and morphisms between objects of MorC(X, Y) as 2-morphisms for all X, Y ∈ Ob C. We will write  
α : f ⇒ g to denote that α is a 2-morphism from MorMorC(X, Y)(f, g).

• (Vertical composition) Let f, g, h ∈ Ob MorC(X, Y). Composition in the category MorC(X, Y) 
is called vertical composition and is denoted as ∘v. That is, for 2-morphisms α : f ⇒ g and β : g  
⇒ h, there is a 2-morphism β ∘v α : f ⇒ h. Furthermore, this vertical composition is associative.

• (Horizontal composition) Let f, g ∈ Ob MorC(X, Y), f ,́ g΄ ∈ Ob MorC(Y, Z). There is a map of 
horizontal composition

MorMorC(Y, Z)(f ,́ g΄) × MorMorC(X, Y)(f, g) → MorMorC(X, Z)(f ∘́ f, g ∘́ g), 

and we denote this composition as ∘h. That is, for 2-morphisms α : f ⇒ g and α΄ : f΄⇒ g ,́ there is a 
2-morphism α ∘́h α : f ∘́ f ⇒ g΄ ∘ g. Furthermore, this horizontal composition is associative.

• (Interchange law) Let f, g, h ∈ Ob MorC(X, Y), f ,́ g ,́ h΄ ∈ Ob MorC(Y, Z). Given 2-morphisms 
α : f ⇒ g, β : g ⇒ h, α΄ : f΄ ⇒ g΄ and β΄ : g΄ ⇒ h ,́ (β΄ ∘v α΄) ∘h (β ∘v α) = (β΄ ∘h β) ∘v (α΄ ∘h α).

• (Identity) For any X ∈ Ob C, there exists an identity 1-morphism idX and an identity 2-mor-
phism ididX : idX ⇒ idX. The 2-morphism ididX serves as an identity for both vertical and 
horizontal composition. That is, for any α : idX ⇒ idX, idX ∘v α = α = α ∘v idX. For any 2-mor-
phism β : f ⇒ g where f and g are 1-morphisms in MorC(X, Y), β ∘h ididX = β = ididY ∘h β.

Remark 4.2 A 2-category differs from a strict 2-category in that it does not require the com-
position of 1-morphisms to be associative. Instead, we require that h ∘ (g ∘ f) ≅ (h ∘ g) ∘ f for 
composable 1-morphisms h, g, and f. Throughout this document, we will assume that all  
2-categories are strict and so we will omit the term “strict” and refer to them just as 2-categories.

Example 4.3 (Category of small categories)
The category of small categories is an example of a 2-category and we will simply denote it by Cat. 
As the name suggests, objects of Cat are small categories and the morphisms between these cate-
gories are functors. It is straightforward to verify that Cat is truly a category since the axioms of 
a functor imply the domain, codomain, identity, composition and associativity axioms of a mor-
phism in a category. Then Cat can be enhanced to a 2-category with the 2-morphisms being natural 
transformations.

Proposition 4.4 (Category of small categories)
Recall the category of rings, Ring, whose objects are rings and whose morphisms are homomorphisms. 
Then Ring can be enhanced to a 2-category with 2-morphisms being defined as follows: For rings  
R, S and homomorphisms f : R → S and g : R → S, a 2-morphism α : f ⇒ g is an element α ∈ S such 
that α f(r) = g(r)α for all r ∈ R.
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Proof. 
• (Vertical composition) Let R, S ∈ Ob Ring and f, g, h ∈ MorRing(R, S). Given 2-morphisms  

α : f ⇒ g and β : g ⇒ h, we want to show that there exists the vertical composition β ∘v α such 
that (β ∘v α) f(r) = g(r)(β ∘v α) for all r ∈ R. In this case, vertical composition corresponds to 
the multiplication operation ∙ in S, so we will often abuse notation and omit ∘v. Note that 
associativity of ∘v follows from the associativity of multiplication in a ring. Since α and β are 
2-morphisms, our definition tells us that α f(r) = g(r) α and β g(r) = h(r) β for all r ∈ R.  
Combining these two facts, we get:

α f(r) = g(r)α
⟹ βαf(r) = βg(r)α
⟹ βαf(r) = h(r)βα

So βα is precisely an element of S such that βαf(r) = h(r)βα for all r ∈ R.

• (Horizontal composition) Let R, S, T ∈ Ob Ring, f, g ∈ MorRing(R, S) and f ,́ g΄ ∈ MorRing(S, T). 
Given 2-morphisms α : f ⇒ g and α΄ : f΄ ⇒ g ,́ we define the horizontal composition α΄ ∘h α to 
be the element α΄  f (́α) in T. This leads to the following equalities:

α f(r) = g(r)α
⟹ f (́αf(r)) = f (́g(r)α)

⟹ f (́α)f (́f(r)) = f (́g(r))f (́α)
⟹ α΄ f (́α)f (́f(r)) = α΄ f (́g(r))f (́α)
⟹ α΄ f (́α)f (́f(r)) = g (́g(r))α΄ f (́α)

Given another 2-morphism α˝  : f˝ ⇒ g˝ where f ,̋ g˝ ∈ MorRing(T, U), we have:
 (α˝ ∘h α) ∘h α = (α˝ f˝ (α΄)) ∘h α
 = α˝ f˝ (α΄) f˝ f΄ (α)
 = α˝ (f˝ (α΄ f (́α))
 = α˝ (f˝ (α΄ ∘h α))
 = α˝ ∘h (α΄ ∘h α)
and so horizontal composition is associative.

• (Interchange law) Let R, S, T ∈ Ob Ring with 1-morphisms f, g, h ∈ MorRing(R, S), f ,́ g ,́ h΄ ∈ 
MorRing(S, T). Given 2-morphisms α : f ⇒ g, β : g ⇒ h, α΄ : f΄ ⇒ g΄ and β΄ : g΄ ⇒ h΄ we have the 
following equalities:

(β ά΄)∘h(βα) = β ά΄ f (́βα),
β΄ ∘h β = β ǵ (́β),
α΄ ∘h α = α΄ f (́α).

Then we know that:
 (β΄ ∘h β) ∘v (α΄ ∘h α) = β΄ g (́β) α΄ f (́α)
 = β΄ α΄ f (́β) f (́α)
 = β΄ α΄ f (́βα)
 = (β΄ ∘v α΄) ∘h (β ∘v α)
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• (Identity) Assume that R, S ∈ Ob Ring with 1-morphisms f, g ∈ MorRing(R, S) and idR ∈ 
MorRing(R, R). We claim that the multiplicative ring identity 1R : idR ⇒ idR is an identity for 
both vertical composition from idR to idR and horizontal composition from R to S. Recall 
that vertical composition corresponds to ring multiplication, so for all α : idR ⇒ idR, 1R ∘v α = 
α = α ∘v 1R. Moreover, for all β : f ⇒ g,

β ∘h 1R = β ∘v f(1R) = β = 1S ∘v idS(β) = 1S ∘h β.

Proposition 4.5

Recall the category Ring⊥ whose objects are idempotented rings and whose morphisms are ring ho-
momorphisms that respect the complete multiset of orthogonal idempotents. We claim that Ring⊥ is a 
2-category with 2-morphisms being defined as follows. Let (R, I), (S, J) ∈ Ob Ring⊥ and 1-morphisms  
f, g ∈ MorRing⊥((R, I), (S, J)). A 2-morphism α : f ⇒ g in Ring⊥ is a function α : I → S such that for any 
e in I, α(e) is an element of g(e)Sf(e) ⊆ S and for any r ∈ R and e΄ ∈ I, α(e΄)f(e ŕe) = g(e ŕe)α(e).

Proof. 
• (Vertical composition) Let (R, I), (S, J) ∈ Ob Ring⊥ with 1-morphisms

f, g, h ∈ MorRing⊥((R, I), (S, J)).

Given 2-morphisms α : f ⇒ g and β : g ⇒ h, we define β ∘v α to be the function from I to S such that 
for any e ∈ I, β ∘v α(e) = β(e) ∙ α(e) where ∙ is the usual multiplication in the ring S, which we will 
sometimes omit. Since α(e΄) f(e ŕe) = g(e ŕe)α(e) and β(e΄) g(e ŕe) = h(e ŕe)β(e), the equalities below 
hold.

α(e΄)f(e ŕe) = g(e ŕe)α(e)
⟹β(e΄) α(e΄)f(e ŕe) = β(e΄)g(e ŕe)α(e)
⟹β(e΄) α(e΄)f(e ŕe) = h(e ŕe)β(e)α(e)

So β ∘v α is indeed a 2-morphism from f to h. Furthermore, when given another 2-morphism 
γ : h ⇒ j, where j ∈ MorRing⊥((R, I), (S, J)), vertical composition is associative since
  ((γ ∘v β) ∘v α)(e) = (γ ∘v β)(e)α(e)
 = γ(e) β(e)α(e)
 = γ(e) ∘ (β ∘v α)(e)
 = (γ ∘v (β ∘v α))(e).

• (Horizontal composition) Let (R, I), (S, J), (T, K) ∈ Ob Ring⊥ with f, g, : (R, I) → (S, J) and 
f ,́ g΄ : (S, J) → (T, K). Given 2 morphisms α : f ⇒ g and α΄ : f΄ ⇒ g ,́ we define α΄ ∘h α to be the 
following function from I to T: For any e ∈ I, α΄ ∘h α(e) = α (́g(e)) f (́α(e)). Then we have the 
following equalities:

α(e΄)f(e ŕe) = g(e ŕe)α(e)
⟹f (́α(e΄)f(e ŕe)) = f (́g(e ŕe)α(e))

⟹f (́α(e΄))f (́f(e ŕe)) = f (́g(e ŕe))f (́α(e))
⟹α (́g(e΄)) f (́α(e΄))f (́f(e ŕe)) = α (́g(e΄)) f (́g(e ŕe))f (́α(e))
⟹α (́g(e΄)) f (́α(e΄))f (́f(e ŕe)) = g (́g(e ŕe)) α (́g(e)) f (́α(e))



 Volume 12 | Issue 4 | November 2015  16

American Journal of Undergraduate Research www.ajuronline.org

and so β ∘h α is indeed a 2-morphism from f΄ ∘ f to g΄ ∘ g. Given another object (U, L) in Ring⊥ with 
1-morphisms f˝ , g˝ ∈ MorRing⊥((T, K), (U, L)) and 2-morphism α˝  : f˝ ⇒ g˝ , we have that for any  
e ∈ I,
 (α˝ ∘h (α΄ ∘h α))(e) = α˝ (g ǵ(e)) f˝ ((α΄ ∘h α)(e))
 = α˝ (g ǵ(e)) f˝ (α (́(g(e)) f (́α(e)))
 = α˝ (g ǵ(e)) f˝ (α (́g(e))) f˝ f(α(e))
 = (α˝ ∘h α (́g(e)) f˝ f(α(e))
 = ((α˝ ∘h α΄) ∘ α)(e)

and so this horizontal composition is associative.
• (Interchange law) Suppose (R, I), (S, J), (T, K) ∈ Ob Ring⊥ with 1-morphisms f, g, h ∈  

MorRing⊥((R, I), (S, J)), f ,́ g ,́ h΄ ∈ MorRing⊥((S, J), (T, K)). Let α : f ⇒ g, β : g ⇒ h, α΄ : f΄ ⇒ g΄ and 
β΄ : g΄ ⇒ h΄ be 2-morphisms. We know that β(e) ∈ h(e)Sg(e) ⊆ S and that g(e) and h(e) are in J. 
Then for any idempotent h(e) ∈ T, there exists an element α (́g(e)) ∈ T such that α (́h(e)) f (́h(e)
sg(e)) = g (́h(e)sg(e))α (́g(e)). If we let that h(e)sg(e) = β(e), we get that α (́h(e)) f (́β(e)) = g (́β(e)) 
α (́g(e)). Thus,

 ((β΄ ∘h β) ∘v (α΄ ∘h α))(e) = (β΄ ∘h β)(e) ∘v (α΄ ∘h α)(e)
 = β (́h(e))g (́β(e)) ∘v α (́g(e))f (́α(e))
 = β (́h(e))g (́β(e)) α (́g(e))f (́α(e))
 = β (́h(e))α (́h(e)) f (́β(e))f (́α(e))
 = (β΄ ∘v α΄)(h(e)) f (́(β ∘v α)(e))
 = ((β΄ ∘v α΄) ∘h (β ∘v α))(e).

• (Identity) Let (R, I) ∈ Ob Ring⊥ with f, g ∈ MorRing⊥((R, I), (S, J)) and idR ∈ MorRing⊥((R, I), 
(R, I)), the identity homomorphism from R to R. We define ididR : idR ⇒ idR to be the inclusion 
map of I into R. Then for any α : idR ⇒ idR and e ∈ I, α(e) = ere ∈ eRe for some r ∈ R, and so

(α ∘v ididR)(e) = α(e) ididR(e)= eree  = ere = eere
       = eα(e)= ididR(e)α(e)= (ididR ∘v α)(e).

Furthermore, let (S, J) ∈ Ob Ring⊥ with f, g ∈ MorRing⊥((R, I), (S, J)) and β : f ⇒ g. For any e ∈ I, β(e) 
= g(e)sf(e) ∈ g(e)Sf(e) for some s ∈ S. Then we have the following:

(β ∘h ididR)(e) = β(idR(e)) f(ididR(e)) = g(e)sf(e)f(e) = g(e)sf(e) = β(e)
  = g(e)g(e)sf(e) = ididS(g(e)) idS(β(e)) = (ididS ∘h β)(e)
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Definition 4.6 (2-functor)
Suppose C and D are 2-categories. A map F : C → D is a 2-functor if it satisfies the following properties:

• F maps every object X ∈ C to an object F(X) ∈ D, every 1-morphism f ∈ MorC(X, Y) to a 
1-morphism F(f) ∈ MorD(F(X), F(Y)) and every 2-morphism α : f ⇒ g to a 2-morphism  
F(α) : F(f) ⇒ F(g).

• (Preservation of identity) For any X ∈ Ob C, F(idX) = idF(X) ∈ MorD(F(X), F(X)). For any 
ididX : idX ⇒ idX, F(ididX) = ididF(X), ididF(X) : idF(X) ⇒ idF(X).

• (Preservation of composition) Given f ∈ MorC(X, Y) and g ∈ MorC(Y, Z), F(g ∘ f) = F(g) ∘ F(f) 
∈ MorD(F(X), F(Z)).

• (Preservation of vertical composition) Given 1-morphisms f, g, h ∈ MorC(X, Y) and 2-mor-
phisms α : f ⇒ g and β : g ⇒ h, F(β ∘v α) = F(β) ∘v F(α) : F(f) ⇒ F(h).

• (Preservation of horizontal composition) Given 1-morphisms f, g ∈ MorC(X, Y), f ,́ g΄ ∈ 
MorC(Y, Z) and 2-morphisms α : f ⇒ g, α΄ : f΄ ⇒ g ,́ F(α΄ ∘h α) = F(α΄) ∘h F(α) : F(f΄) ∘ F(f) ⇒ 
F(g΄) ∘ F(g).

Definition 4.7 (2-natural transformation)
Let C and D be 2-categories with 2-functors F, G : C → D. A 2-natural transformation α from F to 
G denoted as α : F ⇒ G, is a natural transformation that commutes with the action of F and G on 
2-morphisms. That is, for objects X, Y ∈ Ob C with a 1-morphism f ∈ MorC(X, Y), we have a 2-mor-
phism αf : G(f) ∘ ηX ⇒ ηY ∘ F(f) such that the following diagram commutes.

��

F (f)

��
G(f)

����
��

Definition 4.8 (Equivalence of 2-categories)
Suppose C and D are 2-categories. The categories C and D are equivalent as 2-categories if 
there exist 2-functors F : C → D and G : D → C with 2-natural isomorphisms F ∘ G ≅ idD and  
G ∘ F ≅ idC.

Lemma 4.9 Let C and D be 2-categories and F : C → D a 2-functor. Then F yields an equivalence of 
2-categories if and only if F is essentially surjective on objects and fully faithful on both 1-morphisms 
and 2-morphisms.

Proof. 
The 2-functor F is fully faithful on 1-morphisms and 2-morphisms if, for all X, Y ∈ Ob C, it induces 
an isomorphism of categories MorC(X,Y) → MorD(F(X), F(Y)). Then the statement follows from a 
more general argument concerning ν-encriched categories,13 after taking ν to be the category of 
small categories.



 Volume 12 | Issue 4 | November 2015  18

American Journal of Undergraduate Research www.ajuronline.org

5. RINGS AND CATEGORIES

Many familiar algebraic structures with an algebraic definition also have a category theoretic one. 
For example, a ring R can be viewed as a preadditive category with one object by defining the ring 
category associated to the ring R to be the category CR such that Ob CR= {*} and Mor CR = R. So the 
object of CR is a formal one and the morphisms of CR are elements of R. We let the composition 
and addition of morphisms be the respective multiplication and addition operation in R. It follows 
that the identity and zero morphism are the multiplicative and additive identities respectively in R.  
Likewise, to any preadditive category C with one object *, we can associate the ring RC = MorC(*, *). 
So the multiplication and addition in the ring is the respective composition and addition in the 
class of morphisms of a category. We complete our definition of RC by letting the additive and mul-
tiplicative identities of the ring be the zero and identity morphisms of MorC(*, *). From a category 
theorist’s point of view, a ring and a preadditive category with one object are the same thing seen 
through two different lenses.

Lemma 5.1 If C is a preadditive category, then for all X ∈ Ob C, MorC(X,X) is a ring.
Proof. 
For any X ∈ Ob C, MorC(X,X) has the structure of an abelian group with respect to addition and 
the definition of a category gives us the associative composition operation with an identity mor-
phism idX. Finally, the axioms of a preadditive category give us the distributive property.

Lemma 5.2 If C and D are preadditive categories and F : C → D an additive functor, then for all  
X ∈ Ob C, FX, X : MorC(X, X) → MorD(F(X), F(X)) is a ring homomorphism.
Proof. 

• (Preserves identity) The map FX, X : MorC(X, X) → MorD(F(X), F(X)) preserves the identity 
morphism which we have taken to be the identity element of our ring. Thus we have that 
F(idX) = idF(X).

• (Preserves products) Recall that we took our multiplication operation to be the composition 
of morphisms. The axioms of a functor gives us that for all f, g ∈ MorC(X, X), we have that 
FX, X(f ∘ g) = FX, X(f) ∘ FX, X(g).

• (Preserves sums) Since F is an additive functor, it acts like a group homomorphism on 
MorC(X, X) with respect to addition. So for f, g ∈ MorC(X, X), FX, X(f + g) = FX, X(f) + FX, X(g).
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Proposition 5.3

Similar to how we can associate every ring with a preadditive category with one object, we can also 
associate an idempotented ring with with a category that preserves the idempotent structure. For 
an idempotented ring (R, I), we can construct a preadditive category C(R, I) where Ob C(R, I) = I and 
MorC(R, I)(ei, ej) = {ejRei = ejrei : r ∈ R}. Composition in the category is just multiplication in the ring 
and so the identity morphism is ei for any ei ∈ Ob C(R, I).
Proof. 

• (Identity) For any ejrei ∈ MorC(R, I) (ei, ej), (ejrei)(ei) = ejreiei = ejrei = ejejrei = (ej)(ejrei).
• (Composition) For any ejrei ∈ MorC(R, I)(ei, ej), eksej ∈ MorC(R, I)(ej, ek), (ekrej)(ejsei) = ekrejejsei = 

ekrejsei ∈ MorC(R, I)(ei, ek).
• (Associativity) Since the morphisms of C(R, I) are just elements in R, associativity of mor-

phisms follows from the associativity of multiplication in R.
• (Abelian group structure) For any ejrei ∈ MorC(R, I)(ei, ej), we have a morphism ejrei + ejsei = 

ej(r + s)ei = ej(s + r)ei = ejsei + ejrei ∈ MorC(R, I)(ei, ej).
• (Left distributive property) For any ejrei, ejsei ∈ MorC(R, I)(ei, ej) and ektej, ekuej ∈ MorC(R, I) 

(ej, ek), we have that:

 (ektej)(ejrei + ejsei) = (ektej)(ej(r + s)ei)
 = (ektej(r + s)ej)
 = (ektejrei) + (ektejsei)
 = (ektejejrei) + (ektejejsei)
 = (ektej)(ejrei) + (ektej)(ejsei)

• (Right distributive property) For any ektej, ekuej ∈ MorC(R, I)(ej, ek) and ejrei ∈ MorC(R, I)(ei, ej),

 (ektej + ekuej)(ejrei) = (ek(t + u)ej)(ejrei)
 = (ek(t + u)ejejrei)
 = (ek(t + u)ejrei)
 = (ektejrei + ekuejrei)
 = (ektejrei) + (ekuejrei)
 = (ektej)(ejrei) + (ekuej)(ejrei)

Remark 5.4 We will denote elements of a direct sum ⊕G∈Γ G of abelian groups by formal sums  
∑G∈Γ gG, where gG ∈ G for all G ∈ Γ. By convention, we omit zero summands. For instance, any 
element g of some G ∈ Γ can be thought of as an element of ⊕G∈Γ G, where all other summands 
are zero.
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Proposition 5.5 Suppose C is a preadditive category with finitely many objects. Let RC = ⊕X, Y ∈ Ob C 
MorC(X, Y) and IC = {idX : X ∈ Ob C}. Then (RC, IC) is an idempotented ring with addition and 
multiplication given by the addition and composition of morphisms.

Proof. 
We let addition and multiplication in RC be the component-wise addition of morphisms in C and 
the composition of morphisms in C respectively. That is:

∑
X,Y ∈Ob C

fX,Y +
∑

X,Y ∈Ob C
gX,Y =

∑
X,Y ∈Ob C

(fX,Y + gX,Y ),

⎛
⎝ ∑

Y,Y ′∈Ob C
gY,Y ′

⎞
⎠ ·

⎛
⎝ ∑

X,X′∈Ob C
fX,X′

⎞
⎠ =

∑
X,X′,Y ′∈Ob C

(gX′,Y ′ ◦ fX,X′).

(Note that the resulting sum above is direct over X and Y΄but not over X .́)

We will define the composition of non-composable morphisms to be zero and the respective  
additive and multiplicative identities to be:

0RC =
∑

X,Y ∈Ob C
0X,Y , 1RC =

∑
X∈Ob C

idX .

Note that for any X, Y ∈ Ob C, idX ∙ idX = idX and idX ∙ idY = 0 by our definition of multiplication. 
Thus IC is truly a complete multiset of orthogonal idempotents. We check the remaining axioms of 
an idempotented ring below.

• (Commutativity of addition)∑
X,Y ∈Ob C

fX,Y +
∑

X,Y ∈Ob C
gX,Y =

∑
X,Y ∈Ob C

(fX,Y + gX,Y )

=
∑

X,Y ∈Ob C
(gX,Y + fX,Y ) =

∑
X,Y ∈Ob C

gX,Y +
∑

X,Y ∈Ob C
fX,Y

• (Associativity of addition)⎛
⎝ ∑

X,Y ∈Ob C
fX,Y +

∑
X,Y ∈Ob C

gX,Y

⎞
⎠+

∑
X,Y ∈Ob C

hX,Y =
∑

X,Y ∈Ob C
(fX,Y + gX,Y ) +

∑
X,Y ∈Ob C

hX,Y

=
∑

X,Y ∈Ob C
(fX,Y + gX,Y + hX,Y )

=
∑

X,Y ∈Ob C
fX,Y +

∑
X,Y ∈Ob C

(gX,Y + hX,Y )

=
∑

X,Y ∈Ob C
fX,Y +

⎛
⎝ ∑

X,Y ∈Ob C
gX,Y +

∑
X,Y ∈Ob C

hX,Y

⎞
⎠



 Volume 12 | Issue 4 | November 2015  21

American Journal of Undergraduate Research www.ajuronline.org

• (Additive identity)
 ∑

X,Y ∈Ob C
0X,Y +

∑
X,Y ∈Ob C

fX,Y =
∑

X,Y ∈Ob C
(0X,Y + fX,Y ) =

∑
X,Y ∈Ob C

fX,Y

=
∑

X,Y ∈Ob C
(fX,Y + 0X,Y ) =

∑
X,Y ∈Ob C

fX,Y +
∑

X,Y ∈Ob C
0X,Y

• (Additive inverses) The existence of additive inverses follows from the fact that for all  
X, Y ∈ Ob C, MorC(X, Y) has the structure of an abelian group.

 ∑
X,Y ∈Ob C

fX,Y +
∑

X,Y ∈Ob C
(−fX,Y ) =

∑
X,Y ∈Ob C

(fX,Y − fX,Y ) =
∑

X,Y ∈Ob C
0X,Y =

∑
X,Y ∈Ob C

(−fX,Y + fX,Y )

=
∑

X,Y ∈Ob C
(−fX,Y ) +

∑
X,Y ∈Ob C

fX,Y

• (Associativity of multiplication)⎛
⎝
⎛
⎝ ∑

Z,Z′∈Ob C
hZ,Z′

⎞
⎠ ·

⎛
⎝ ∑

Y,Y ′∈Ob C
gY,Y ′

⎞
⎠
⎞
⎠ ·

⎛
⎝ ∑

X,X′∈Ob C
fX,X′

⎞
⎠

=

⎛
⎝ ∑

Y,Y ′,Z,Z′∈Ob C
(hZ,Z′ ◦ gY,Y ′)

⎞
⎠ ·

⎛
⎝ ∑

X,X′∈Ob C
fX,X′

⎞
⎠

=

⎛
⎝ ∑

Y,Y ′,Z′∈Ob C
(hY ′,Z′ ◦ gY,Y ′)

⎞
⎠ ·

⎛
⎝ ∑

X,X′∈Ob C
fX,X′

⎞
⎠

=

⎛
⎝ ∑

X,X′,Y,Y ′,F∈Ob C
(hY ′,Z′ ◦ gY,Y ′ ◦ fX,X′)

⎞
⎠

=

⎛
⎝ ∑

X,Y ′,Y,Z′∈Ob C
(hY ′,Z′ ◦ gY,Y ′ ◦ fX,Y )

⎞
⎠

=

⎛
⎝ ∑

Y ′,Z′∈Ob C
hY ′,Z′

⎞
⎠ ·

⎛
⎝ ∑

X,Y,Y ′∈Ob C
(gY,Y ′ ◦ fX,Y )

⎞
⎠

=

⎛
⎝ ∑

Y ′,Z′∈Ob C
hY ′,Z′

⎞
⎠ ·

⎛
⎝
⎛
⎝ ∑

Y,Y ′∈Ob C
gY,Y ′

⎞
⎠ ·

⎛
⎝ ∑

X,Y ∈Ob C
fX,Y

⎞
⎠
⎞
⎠

=

⎛
⎝ ∑

Z,Z′∈Ob C
hZ,Z′

⎞
⎠ ·

⎛
⎝
⎛
⎝ ∑

Y,Y ′∈Ob C
gY,Y ′

⎞
⎠ ·

⎛
⎝ ∑

X,X′∈Ob C
fX,X′

⎞
⎠
⎞
⎠
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• (Multiplicative identity)
( ∑

X∈Ob C
idX

)
·
⎛
⎝ ∑

Y,Z∈Ob C
fY,Z

⎞
⎠ =

∑
X,Y,Z∈Ob C

(idX ◦ fY,Z)

=
∑

Y,Z∈Ob C
(idZ ◦ fY,Z)

=
∑

Y,Z∈Ob C
fY,Z

=
∑

Y,Z∈Ob C
(fY,Z ◦ idY )

=
∑

X,Y,Z∈Ob C
(fY,Z ◦ idX)

=

⎛
⎝ ∑

Y,Z∈Ob C
fY,Z

⎞
⎠ ◦

( ∑
X∈Ob C

idX

)

• (Left distributive property)

=

⎛
⎝ ∑

X,X′,Y,Y ′∈Ob C
hY,Y ′ ◦ (gX,X′ + fX,X′)

⎞
⎠

=

⎛
⎝ ∑

X,X′,Y,Y ′∈Ob C
(hY,Y ′ ◦ gX,X′) + (hY,Y ′ ◦ fX,X′)

⎞
⎠

=

⎛
⎝ ∑

X,X′,Y ′∈Ob C
(hX′,Y ′ ◦ gX,X′) + (hX′,Y ′ ◦ fX,X′)

⎞
⎠

=

⎛
⎝ ∑

X,X′,Y ′∈Ob C
(hX′,Y ′ ◦ gX,X′)

⎞
⎠+

⎛
⎝ ∑

X,X′,Y ′∈Ob C
(hX′,Y ′ ◦ fX,X′)

⎞
⎠

=

⎛
⎝∑

Y,Y ′
hY,Y ′

⎞
⎠ ·

⎛
⎝ ∑

X,X′∈Ob C
gX,X′

⎞
⎠+

⎛
⎝ ∑

Y,Y ′∈Ob C
hY,Y ′

⎞
⎠ ·

⎛
⎝ ∑

X,X′∈Ob C
fX,X′

⎞
⎠

⎛
⎝ ∑

Y,Y ′∈Ob C
hY,Y ′

⎞
⎠ ·

⎛
⎝
⎛
⎝ ∑

X,X′∈Ob C
gX,X′

⎞
⎠+

⎛
⎝ ∑

X,X′∈Ob C
fX,X′

⎞
⎠
⎞
⎠

=

⎛
⎝ ∑

Y,Y ′∈Ob C
hY,Y ′

⎞
⎠ ·

⎛
⎝ ∑

X,X′∈Ob C
(gX,X′ + fX,X′)

⎞
⎠
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• (Right distributive property)⎛
⎝ ∑

X,X′∈Ob C
gX,X′ +

∑
X,X′∈Ob C

fX,X′

⎞
⎠ ·

∑
Y,Y ′∈Ob C

hY,Y ′

=

⎛
⎝ ∑

X,X′∈Ob C
(gX,X′ + fX,X′)

⎞
⎠ ·

∑
Y,Y ′∈Ob C

hY,Y ′

=

⎛
⎝ ∑

X,X′,Y,Y ′∈Ob C
(gX,X′ + fX,X′) ◦ hY,Y ′

⎞
⎠

=

⎛
⎝ ∑

X,X′,Y,Y ′∈Ob C
gX,X′ ◦ hY,Y ′ + fX,X′ ◦ hY,Y ′

⎞
⎠

=

⎛
⎝ ∑

X,X′Y ∈Ob C
gX,X′ ◦ hY,X + fX,X′ ◦ hY,X

⎞
⎠

=

⎛
⎝ ∑

X,X′,Y ∈Ob C
gX,X′ ◦ hY,X

⎞
⎠+

⎛
⎝ ∑

X,X′,Y ∈Ob C
fX,X′ ◦ hY,X

⎞
⎠

=

⎛
⎝ ∑

X,X′∈Ob C
gX,X′

⎞
⎠ ·

⎛
⎝ ∑

Y,Y ′∈Ob C
hY,Y ′

⎞
⎠+

⎛
⎝ ∑

X,X′∈Ob C
fX,X′

⎞
⎠ ·

⎛
⎝ ∑

Y,Y ′∈Ob C
hY,Y ′

⎞
⎠

It is straightforward to verify that 1RC is the sum of all elements in IC.
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6. EQUIVALENCES

In this section, we prove an equivalence of categories between the category of rings and the  
category of small preadditive categories with one object starting with Proposition 6.1 and between 
the category of idempotented rings and the category of small preadditive categories with finitely 
many objects under Proposition 6.4.

Proposition 6.1  The category Ring is equivalent to the category PreaddCat1.
Proof. 
We define a functor G : PreaddCat1 → Ring as follows:

G(C) = RC ∈ Ob Ring    for all C ∈ Ob PreaddCat1,
G(H)(r) = (H)(r) ∈ MorD(*,*)    for all r ∈ MorC(*,*) and H ∈ MorPreaddCat1(C,D).

That is, G maps a preadditive category to its corresponding ring. Let H ∈ MorPreaddCat1(C, D), an 
additive functor between preadditive categories C and D containing one object. By Lemma 5.2, any 
H ∈ MorPreaddCat1(C, D) is a ring homomorphism. So we define G(H) to be this ring homomor-
phism. Then G(H) ∈ MorRing(G(C), G(D)) = MorRing(RC, RD) = MorRing(MorC(*,*), MorD(*,*)). It 
is straightforward to verify that G ∘ F = idRing and that G is a functor.

• (Preserves identity morphisms) Let C ∈ Ob PreaddCat1. Then for all r ∈ MorC(*,*),  
G(idC)(r) = idC(r) = r, and so G(idC) is the identity ring homomorphism from RC to RC.

• (Preserves composition) Let C, D, E ∈ Ob PreaddCat1 with additive functors H : C → D and 
H΄ : D → E. Then for all r ∈ R, G(H΄ ∘ H)(r) = H΄ ∘ H(r) = G(H΄) ∘ G(H)(r) ∈ MorE(*,*). 
We claim that G yields an equivalence of Ring and PreaddCat1.

• (Full) Let R, S ∈ Ob Ring and h ∈ MorRing(R, S). Define categories CR, CS ∈ Ob PreaddCat1 
where Ob CR = {*}, MorCR(*,*) = R and Ob CS = {*}, MorCS(*,*) = S. Next we construct a functor 
H : CR → CS that maps the singleton object * ∈ Ob CR to * ∈ Ob CS. Then for any  
r ∈ MorCR(*,*), H(r) = h(r) ∈ MorCS(*,*). Thus, G(H) = h.

• (Faithful) Let H, J ∈ MorPreaddCat1(C, D), be such that G(H) = G(J). Since Ob C and Ob D 
consist of only one object *, H and J must map them to each other, so H and J are the same on 
objects. Furthermore we have that:

   
G(H) = G(J)

⟹G(H)(r) = G(J)(r)   for all  r ∈ R
⟹H(r) = J(r)   for all  r ∈ R

⟹H = J
   

• (Essentially surjective) For all R ∈ Ob Ring, we construct the category CR ∈ PreaddCat1 
where Ob CR = {*} and MorCR(*, *) = R. So G(CR) = R and clearly R ≅ R.
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The following proposition shows that the categories Ring and PreaddCat1 are equivalent not only 
as 1-categories, but also as 2-categories.

Proposition 6.2  The 2-category Ring is equivalent to the 2-category PreaddCat1 as 2-categories.
Proof. 
From Proposition 6.1, we defined the fully faithful and essentially surjective functor G : PreaddCat1 
→ Ring to show that Ring ≃ PreaddCat1 as 1-categories. To prove their equivalence as 2-catego-
ries, we will extend this functor G : PreaddCat1 → Ring to a 2-functor by defining its behaviour 
on 2-morphisms. Let C, D ∈ Ob PreaddCat1 , H, J ∈ MorPreaddCat1(C,D). Then for any α : H ⇒ J,
 

G(α) : G(H) ⇒ G(J)    G(α) = α* ∈ RD = MorD(*, *).

The functor G is an extension of the 1-functor mentioned in Proposition 6.1 so it has been proven that 
it preserves identity 1-morphisms and the composition of 1-morphisms. We will verify that G is a 
2-functor by the following:

• (Preserves vertical composition) For C and D in Ob PreaddCat1, H, J, K : C → D, α : H ⇒ J 
and β : J ⇒ K, we have that G(β ∘v α) = (β ∘v α)* = β * ∘v α * = G(β) ∘v G(α) : G(H) ⇒ G(K).

• (Preserves horizontal composition) For C, D, E ∈ Ob PreaddCat1, H, J : C → D, H ,́ J΄ : D → E,  
α : H ⇒ J and α΄ : H΄ ⇒ J ,́ we have that G(α΄ ∘h α) = (α΄ ∘h α)* = α *́ ∘v G(J΄)(α*) = G(α΄) ∘h G(α) : 
G(H΄ ∘ H) ⇒ G(J΄ ∘ J).

• (Preserves identity 2-morphisms) For C ∈ Ob PreaddCat1, idC : C → C and ididC : idC ⇒ idC, 
we have G(ididC) = ididC*

 = id* : ididCR ⇒ ididCR.

We claim that G yields an equivalence of Ring and PreaddCat1 as 2-categories. We know  
that G is essentially surjective on objects and fully faithful on 1-morphisms from the proof that 
Ring ≃ PreaddCat1 as 1-categories from Proposition 6.1, so we just need to show that G is fully  
faithful on 2-morphisms.

• (Faithful on 2-morphisms) Let C, D ∈ Ob PreaddCat1, H, J ∈ MorPreaddCat1(C, D) and  
α, β : H ⇒ J. If we assume that G(α) = G(β), then we have that α* = β*. This implies that  
α = β since Ob C contains only one object * and both natural transformations assign the  
same morphism to this object.

• (Full on 2-morphisms) Let R, S ∈ Ob Ring, f, h ∈ MorRing(R, S) and α : f ⇒ g. We define  
objects CR and CS ∈ Ob PreaddCat1 where Ob CR = {*}, MorCR(*, *) = R and Ob CS = {*}, 
MorCS(*, *). Thus α is a morphism in MorCS(*, *). Since G is fully faithful on 1-morphisms, 
there exist functors F, H : CR → CS such that G(F) = f and G(H) = h. Then let η : F ⇒ H be the 
natural transformation that associates to * ∈ Ob CR the morphism α in MorCS(*, *). This then 
gives us that G(η) = η* = α : f ⇒ h.
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The following proposition explains the ring-theoretic analogue of adjoint functors, under the  
correspondences given above.

Proposition 6.3  For C, D ∈ Ob PreaddCat1 H ∈ MorPreaddCat1(C, D) and J ∈ MorPreaddCat1(D, C),  
let G(C) = R, G(D) = S, G(H) = h ∈ MorRing(R, S), G(J) = j ∈ MorRing(S, R). Then H is left adjoint 
to J if and only if there exist 2-morphisms η : idR ⇒ j ∘ h and є : h ∘ j ⇒ idS in Ring such that the 
maps ϕ : r ↦ єh(r) and ψ : s ↦ j(s)η are mutually inverse bijections of sets.
Proof.  ⟹ Assume that H ⊣ J. By the definition of adjointness, there exist natural transforma-
tions η : idC ⇒ J ∘ H and є : H ∘ J ⇒ idD such that єH(*)H(η*) = idJ(*) and J(є*)η* = idH(*). Under the 
correspondences given in Proposition 6.2, the natural transformations η and є correspond to 2-mor-
phisms in Ring such that the following equations hold: 

ηr = jh(r)η,       for all r ∈ R,
  єhj(s) = sє,      for all s ∈ S.

Furthermore, since H ⊣ J, we have that єh(η) = 1S and j(є)η = 1R in Ring. Then, for any r ∈ R, we have
ψ (ϕ (r)) = ψ (єh(r)) = j(єh(r))η = j(є)(jh(r))η = j(є)ηr = r,

and for any s ∈ S,
ϕ (ψ (s)) = ϕ(j(s)η) = єh(j(s)η) = є (hj(s))h(η) = sєh(η) = s.

So ϕ and ψ are mutually inverse bijections of sets.
⟸  Assume that η : idR ⇒ j ∘ h and є : h ∘ j ⇒ idS are 2-morphisms in Ring and that ϕ : r ↦ єh(r) 
and ψ : s ↦ j(s)η are mutually inverse bijections of sets. By the definition of a 2-morphism in Ring, 
for any r ∈ R, we have that ηr = jh(r)η. Likewise, for any s ∈ S, єhj(s) = sє. Since ψ is the left-inverse 
of ϕ, ψ(ϕ(r)) = idR(r) for all r ∈ R. Taking r = 1R, we get that

ψ(ϕ(1R)) = idR(1R) ⟹ j(єh(1R))η = 1R ⟹ j(є) j ∘ h(1R)η = 1R ⟹ j(є)η = 1R.

Similarly, since ϕ is the left-inverse of ψ, ϕ(ψ(s)) = idS(s) for all s ∈ S. Taking s = 1S, we get that

ϕ(ψ(1S)) = idS(1S) ⟹ єh(j(1S)η) = 1S ⟹ єh ∘ j(1S) h(η) = 1S ⟹єh(η) = 1S.

We can interpret R and S respectively as categories C and D with a formal object whose morphisms 
are the rings themselves. Then the ring homomorphisms j and h correspond to functors J : C → D 
and H : D → C. Similarly, the 2-morphisms є and η in Ring coincide with natural transformations  
є : H ∘ J ⇒ idD and η : idC → J ∘ H in PreaddCat1. Thus the equations j(є)η = 1R and єh(η) = 1S im-
plies that єH(*)H(η*) = idJ(*) and J(є*)η* = idH(*) and so H is left adjoint to J.

Proposition 6.4  The category Ring⊥ is equivalent to the category PreaddCatFin.
Proof. 
We define an additive functor G: PreaddCatFin → Ring⊥ as follows:

G(C) = (RC , IC) ∈ ObRing⊥ for all C ∈ ObPreaddCatFin,

G(H)

⎛
⎝ ∑

X,Y ∈Ob C
fX,Y

⎞
⎠ =

⎛
⎝ ∑

X,Y ∈Ob C
H(fX,Y )

⎞
⎠ for all H ∈ MorPreaddCatFin(C,D),

Note that for any C, D ∈ Ob PreaddCatFin, we have the multisets IC = Ob C and ID = Ob D. Then for  
H : C → D and X ∈ Ob C, G(H)(idX) = H(idX) = idH(X) ∈ ID. Thus the distinguished sets IC and 
ID are respected by the morphism G(H) ∈ MorPreaddCatFin((RC, IC), (RD, ID)). Furthermore, it is 
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important to point out that for ∑X,Y∈Ob C fX,Y ∈ RC, the element G(H) (∑X,Y∈Ob C fX,Y) may not be a 
direct sum since it is possible that G is not injective on objects. With that being said, we proceed to 
verify that G is a functor below.

• (Preserves identity morphism) For any C ∈ Ob PreaddCatFin,

G(idC)

⎛
⎝ ∑

X,Y ∈Ob C
fX,Y

⎞
⎠ =

⎛
⎝ ∑

X,Y ∈Ob C
idC(fX,Y )

⎞
⎠ =

⎛
⎝ ∑

X,Y ∈Ob C
fX,Y

⎞
⎠ = idG(C)

⎛
⎝ ∑

X,Y ∈Ob C
fX,Y

⎞
⎠ .

• (Preserves Composition) Let C, D, E ∈ Ob PreaddCatFin with morphisms H : C → D and  
H΄ : D → E. For all ∑X,Y∈Ob C fX,Y ,

G(H ′ ◦H)

⎛
⎝ ∑

X,Y ∈Ob C
fX,Y

⎞
⎠ =

∑
X,Y ∈Ob C

H ′ ◦H(fX,Y ) = G(H ′) ◦G(H)

⎛
⎝ ∑

X,Y ∈Ob C
fX,Y

⎞
⎠ .

We claim that G yields an equivalence of Ring⊥ and PreaddCatFin.
• (Full) Let h ∈ MorRing⊥(G(C), G(D)) = MorRing⊥((RC, IC), (RD, ID)). Then we define a functor 

H ∈ MorPreaddCatFin(C, D) as follows:

H(X) = Dom(h(idX))    for all X ∈ Ob C,
H( fX,Y) = h( fX,Y)    for all fX,Y ∈ MorC(X,Y) and X,Y ∈ Ob C.

Then H(fX,Y) is a morphism from H(X) to H(Y) since H(fX,Y) = H(idY fX,Y idX) = H(idY)H(fX,Y)
H(idX) = idH(Y) H(fX,Y) idH(X). So for all (∑X,Y∈Ob C fX,Y) ∈ (RC, IC), we have that:

G(H)

⎛
⎝ ∑

X,Y ∈Ob C
fX,Y

⎞
⎠ =

⎛
⎝ ∑

X,Y ∈Ob C
H(fX,Y )

⎞
⎠

=

⎛
⎝ ∑

X,Y ∈Ob C
h(fX,Y )

⎞
⎠

= h

⎛
⎝ ∑

X,Y ∈Ob C
fX,Y

⎞
⎠

=⇒ G(H) = h

• (Faithful) Assume that G(H) = G(J), H, J ∈ MorPreaddCatFin(C, D). Since G(H) and G(J)  
are the same ring homomorphism, they are the same map on the idempotents. Thus for all  
X ∈ Ob C, we have that G(H)(idX) = G(J)(idX) and that H(idX) = J(idX). This implies that 
idH(X) = idJ(X) and so H(X) = J(X), so H and J must be the same map on objects. More  
generally, for all fX,Y ∈ RC,

G(H)(fX,Y ) = G(J)(fX,Y )

=⇒
⎛
⎝ ∑

X,Y ∈Ob C
H(fX,Y )

⎞
⎠ =

⎛
⎝ ∑

X,Y ∈Ob C
J(fX,Y )

⎞
⎠

=⇒ H(fX,Y ) = J(fX,Y ) for all X,Y ∈ Ob C, fX,Y ∈ MorC(X,Y )

=⇒ H = J



 Volume 12 | Issue 4 | November 2015  28

American Journal of Undergraduate Research www.ajuronline.org

• (Essentially surjective) For all (R, I) ∈ Ob Ring⊥ where I = {e1, e2, ⋯, en} we are able to con-
struct the preadditive category C(R, I) where Ob C(R, I) = I and MorC(R, I)(ei, ej) = ejRei for all  
ei, ej ∈ Ob C(R, I). We claim that G(C(R, I)) ≅ (Mn(R), IMn(R)). Consider the function

 where (ejrei) is the n × n matrix whose (i, j) entry is ejrei. Then the proof of most of the ring 
isomorphism axioms are essentially the same as the ones from Example 2.6. Having just proved 
that G(C(R, I)) ≅ (Mn(R), IMn(R)), Proposition 2.6 gives us that (Mn(R), IMn(R)) ≅ (R, I), and so 
G(C(R, I)) ≅ (R, I).

The following proposition shows that equivalence of 1-categories between Ring⊥ and PreaddCatFin 
can be extended to 2-categories.

Proposition 6.5  The 2-category Ring⊥ is equivalent to the 2-category PreaddCatFin as 2-categories.
Proof.
In Proposition 6.4, we defined the 1-functor G to prove that Ring⊥ and PreaddCatFin are equivalent 
as 1-categories. We can extend our 1-functor G into a 2-functor by defining its behaviour on 2-mor-
phisms with the following. Let C, D ∈ Ob PreaddCatFin, H, J : C → D. Then for any α : H ⇒ J, the 
2-morphism G(α) : G(H) ⇒ G(J) is the mapping from IC to RD such that for any X ∈ Ob C, 

G(α)(idX) = αX ∈ G(D) = RD.
Likewise, G is also an extension of the 1-functor in Proposition 6.4 where it was proven that G  
preserves identity 1-morphisms and the composition of 1-morphisms. Thus we check that it is  
indeed a 2-functor with the following:

• (Preserves vertical composition) Let C, D ∈ Ob PreaddCatFin, H, J, K : C → D, α : H ⇒ J and 
β : J ⇒ K. Then for any X ∈ Ob C, G(β ∘v α)(idX) = (β ∘v α)(X) = βX ∘ αX = G(β)(idX) ∘v G(α)(idX).

• (Preserves horizontal composition) Let C, D, E ∈ Ob PreaddCatFin, H, J : C → D, H ,́ J΄ :  
D → E, α : H ⇒ J and α΄ : H΄ ⇒ J .́ Then for any X ∈ Ob C, G(α΄ ∘h α)(idX) = (α΄ ∘h α)(idX) = 
α Ǵ(J)(X) ∘ G(J)(αx) = G(α΄)(idX) ∘h G(α)(idX).

• (Preserves identity 2-morphisms) Let C ∈ Ob PreaddCatFin, idC : C → C and ididC : idC ⇒ idC. 
Then for any X ∈ Ob C, G(ididC)(idX) = ididC X = idX.

We claim that G yields an equivalence of 2-categories between the Ring⊥ and PreaddCatFin.
• (Faithful on 2-morphisms) Let C, D ∈ Ob PreaddCatFin, h, j ∈ MorRing⊥(G(C), G(D)) and  

α, β : h ⇒ j. Assume that G(α) = G(β). Then for any X ∈ Ob C, we have that
G(α) = G(β) ⟹G(α)(idX) = G(β)(idX) ⟹αX = βX ⟹α = β.

• (Full on 2-morphisms) Let C, D ∈ Ob PreaddCatFin, h, j : G(C) → G(D) and α : h ⇒ j. The 
2-morphism α has the property that for any idX and idY in IC, α(idX) is an element in RD 
such that  

j

⎛
⎝idY

⎛
⎝ ∑

X,Y ∈Ob C
fX,Y

⎞
⎠ idX

⎞
⎠α(idX) = α(idY )h

⎛
⎝idY

⎛
⎝ ∑

X,Y ∈Ob C
fX,Y

⎞
⎠ idX

⎞
⎠

 for any ∑X,Y∈Ob C fX,Y ∈ RC. The functor G is surjective on 1-morphisms, so let H, J : C → D 
such that G(H)=h and G(J)=j. We construct a natural transformation β : H ⇒ J as so:  
for any X ∈ Ob C, βX = α(idX). Any f ∈ MorC(X, Y) is an element in RC, so we have that  
βX H(f) = J(f) βY, thus proving naturality of β. Then for all idX ∈ RC, G(β)(idX) = βX = α(idX) 
and so G(β) = α.



 Volume 12 | Issue 4 | November 2015  29

American Journal of Undergraduate Research www.ajuronline.org

ACKNOWLEDGMENTS

This work was completed as part of a Co-op Work-Study Program at the University of Ottawa. The 
author thanks the University of Ottawa and the Department of Mathematics and Statistics for its 
support. He also thanks Alistair Savage for guidance throughout the project.

REFERENCES

[1] Wiles, A. (1995) Modular elliptic curves and Fermat’s last theorem. Ann. of Math. (2), 141(3):443–551.

[2] Noether, E. (1921) Idealtheorie in Ringbereichen. Math. Ann, 83(1-2):24–66.

[3] Eilenberg, S., and MacLane, S. (1945) General theory of natural equivalences. Trans. Amer. Math. 
Soc, 58:231–294.

[4] Grothendieck, A., and Dieudonné, J. A. (1961) Eléments de géométrie algébrique. I, volume 5 of 
Grundlehren der Mathematischen Wissenschaften. Springer-Verlag, Berlin.

[5] Lawvere, F. W. (1963) Functorial semantics of algebraic theories. Trans. Amer. Math. Soc., 50:869–872.

[6] Chuang, J., and Rouquier, R. (2008) Derived equivalences for symmetric groups and 𝔰𝔩22-categorication. 
Ann. of Math. (2), 167(1):245–298.

[7] Khovanov, M., and Lauda. A. D. (2009) A diagrammatic approach to categorication of quantum 
groups. I. Represent. Theory, 13:309–347.

[8] Khovanov, M., and Lauda. A. D. (2010) A categorication of quantum sl(n). Quantum Topol., 1(1):1–92.

[9] Khovanov, M., and Lauda. A. D. (2011) A diagrammatic approach to categorication of quantum 
groups II. Trans. Amer. Math. Soc., 363(5):2685–2700.

[10]  Lauda, A. D. (2010) A categorication of quantum sl(2). Adv. Math., 225(6):3327–3424.

[11] Lusztig, G. (1990) Canonical bases arising from quantized enveloping algebras. J. Amer. Math. 
Soc., 3(2):447–498.

[12] Mac Lane, S. (1998) Categories for the working mathematician, volume 5 of Graduate Texts in 
Mathematics. Springer-Verlag, New York, second edition, p. 93.

[13] Kelly, G. M. (2005) Basic concepts of enriched category theory. Repr. Theory Appl. Categ., 
(10):vi+137. Reprint of the 1982 original [Cambridge Univ. Press, Cambridge], p. 24.

ABOUT THE STUDENT AUTHOR

Edward Poon is a Toronto native who is currently going into his fourth year of the Honours B.Sc. in 
Mathematics. His research interests include category theory, rings and algebras. 

PRESS SUMMARY

Category theory is a field of mathematics that can be used to study various algebraic structures  
including rings, which provide a generalization of arithmetic. In particular, a ring can be interpreted as a  
category and vice-versa. This paper delves into the relationship between categories and rings and 
some correspondences between the two fields with a view towards applications in the field of 
categorication. 


